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Outline

Compute the edge expansion of a graph

> Split & Bound
» Dinkelbach’s Algorithm

» Completely Positive Formulation
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Basics

» Graph G = (V, E) with
V={1,...,n},
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» Degree of a vertex i
d(i) ...7 neighbors of i,
d(S)=>_d(i)forSCV
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» Cut induced by S C V
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Basics

» Graph G = (V, E) with
V={1,...,n},
V[ =n, [E[=m

» Degree of a vertex i
d(i) ...7 neighbors of i,
d(S)=>_d(i)forSCV

ieS

» Cut induced by S C V S = {2,4,6}

oS={{i,jteE|i€s, j¢&5
{{ijreE]i J &5} S, = (2.3.4)
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Minimum Cut, Minimum Cut Ratio

Aim: express connectivity
by “best” cut in graph

min |0S| ... minimum cut (easy to compute)
scv
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Minimum Cut, Minimum Cut Ratio

Aim: express connectivity
by “best” cut in graph

min |0S| ... minimum cut (easy to compute)
scv
: 05| . i
min RIS vAST edge expansion/Cheeger cut (NP-hard)
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Minimum Cut, Minimum Cut Ratio

Aim: express connectivity
by “best” cut in graph

min |0S]| ... minimum cut (easy to compute)

gnle m .. edge expansion/Cheeger cut (NP-hard)
C

ng Cheeger cut (NP—hard)
gncle \?ll‘u\sll = m|n |8S|(|5| + |V\S|) .. normalized cut (NP-hard)
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Minimum Cut, Minimum Cut Ratio

Aim: express connectivity
by “best” cut in graph

min |0S]| ... minimum cut (easy to compute)

gnlc m .. edge expansion/Cheeger cut (NP-hard)

C

Sr];lzlc m Cheeger cut (NP—hard)

gncle \?ll‘u\sll = m|n |8S|(|5| + |V\S|) .. normalized cut (NP-hard)

gnc % . vertex expansion/magnification (NP-hard)
C
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Definition & Motivation

Edge Expansion/Cheeger Constant

. 195] oS
h(6) = min TS IvaSE -~ &0 T
S0 1<IsT<n/2

Angelika Wiegele Alpen-Adria-Universitat Klagenfurt



Definition & Motivation

Edge Expansion/Cheeger Constant

N os| ___ |os]
h(6) = min TS IvaSE -~ &0 T
S0 1<]5T<n/2

— h(G) small: bottleneck, separating two large parts

Angelika Wiegele Alpen-Adria-Universitdt Klagenfurt



Definition & Motivation

Edge Expansion/Cheeger Constant

e os| ___ |os]
h(6) = min TS IvaSE -~ &0 T
S0 1<I5T<n/2

— h(G) small: bottleneck, separating two large parts

— h(G) large: any possible division has a good connection

Angelika Wiegele Alpen-Adria-Universitdt Klagenfurt



Definition & Motivation

Edge Expansion/Cheeger Constant

N os| ___ |os]
h(6) = min TS IvaSE -~ &0 T
S0 1<]5T<n/2

— h(G) small: bottleneck, separating two large parts
— h(G) large: any possible division has a good connection
— NP-hard to compute
Motivation:
> clustering, image segmentation
> network science, error correcting codes

» randomized approximate counting and generation
(rapid mixing time)
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0/1-Polytopes

Conjecture (Milena Mihail and Umesh Vazirani, 1992)

Let P be a 0/1-polytope (convex hull of 0/1-vectors),
G the 1-skeleton of P (faces of dimension 0 and 1),
then h(G) > 1.

Shown for
& all polytopes in dimension < 5 (Kaibel, 2014)
@ simple 0/1-polytopes (Kaibel, 2014)
™ hypersimplices (Kaibel, 2014)
¥ stable set polytopes (Mihail, 1992)
¥ matching polytopes (Mihail, 1992)
¥ binary matroid basis polytope (Anari et al., 2021)
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Size of Cut <+ Laplacian matrix

The Laplacian matrix L of a graph G = (V, E)
is a matrix of dimension n x n with

-1 {i,j} €E,
(L)ij=4d(i) i=],
0 else.
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Size of Cut <+ Laplacian matrix

The Laplacian matrix L of a graph G = (V, E)
is a matrix of dimension n x n with

-1 {i,j} €E,
(L)ij=4qd(i) i=],
0 else.

TLx—Zd( x -2 Z XjXj = Z (Xi—Xj)2

{i,j}eE {i,iteE
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Size of Cut <+ Laplacian matrix

The Laplacian matrix L of a graph G = (V, E)
is a matrix of dimension n x n with

-1 {i,j} €E,
(L)ij=4qd(i) i=],
0 else.

TLx—Zd( x -2 Z XjXj = Z (Xi—Xj)2

{i,j}eE {i,iteE

1 ies,
0 else.

0S| =1.L1s  for 1s € {0,1}" with (1g); = {
S| =eT1g e=(1,...,1)7
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Problem Formulation as Mixed-Integer Quadratic Program

x " Lx

elx

h(G) = min

st. 1<e'x< g
x € {0, 1}"
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Problem Formulation as Mixed-Integer Quadratic Program

T
x ' Lx
h(G) = mi = mi
(G) = min oTx min y
TL
st. 1<e'x<?2 s.t. XTxgy
e'x
x € {0, 1}" 1<e'x<?2
x €{0, 1}"
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Problem Formulation as Mixed-Integer Quadratic Program

TL
h(G) = min XTX = min y
e'x
TL
st. 1<e'x<?2 s.t. XTxgy
€ XT n
x € {0, 1}" 1<e'x< 7
x €{0, 1}"
=min y
st. x'Lx—ye'x<0
1<elx<}
x €{0, 1}"
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Problem Formulation as Mixed-Integer Quadratic Program

TL
h(G) = min XTX = min y
e'x
TL
st. 1<e'x<?2 s.t. XTxgy
e'x
x €40, 1}" 1<e'x<?2
x €{0, 1}"
=min y
st. x'Lx—ye'x<0
1<e'x< 3 ~~ can be solved with Gurobi
x €{0, 1}"
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Problem Formulation as Mixed-Integer Quadratic Program

TL
h(G) = min XTX = min y
e'x
TL
st. 1<e'x<?2 s.t. XTxgy
e'x
x € {0, 1}" 1<e'x<?2
x €{0, 1}"
=min y
st x'lx— yeTx <0
1<e'x< 3 ~~ can be solved with Gurobi
x € {0, 1}" but only small instances
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Spectral Bound — SDP Relaxation
O xc{0,1}", let X = xx', then

>
n n n
trace(X) = E Xii = E x? = E X =e'x
i=1 i=1 i=1
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Spectral Bound — SDP Relaxation
O xc{0,1}", let X = xx', then

>
n n n
trace(X) = E Xii = E x? = E X =e'x
i=1 i=1 i=1

x'Lx = Zn:zn:f,-jx,-xj = (L, X)

i=1 j=1
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Spectral Bound — SDP Relaxation
O xc{0,1}", let X = xx', then

>
n n n
trace(X) = Zx,-,- = lez = ZX" —e'x
i—1 i=1 i=1
>
xThx=2 Y lixixj = (LX)
i—1 j=1
-
x ' Lx
h(G) =
(G) = min T
st. 1<elx< g
x €{0, 1}"
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Spectral Bound — SDP Relaxation
O xc{0,1}", let X = xx', then

>
trace(X) = Zx,-; = lez = ZX" —elx
i=1 i=1 i=1
>
xThx =3 % Lyxixg; = (L, X)
i=1 j=1
-
.ox ' Lx . (LX)
h(G) = min T = min (X
st. 1<elx< g st. 1<tr(X) < g
x € {0, 1}” X =xx"
x €{0, 1}
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Spectral Bound — SDP Relaxation

-
h(G) = min x_Lx

elx
st. 1<elx< g
x e {0, 1}"
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Spectral Bound — SDP Relaxation

. xLx . (LX)
h(G) = min T = min (%)
st. 1<elx< 3 st. 1<tr(X) <3
x €{0, 1}" X =xx"
x € {0, 1}"
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Spectral Bound — SDP Relaxation

-
x' Lx
h(G) = mi
(G) = min T
s.t. 1<eTx<g
x e {0, 1}"

Angelika Wiegele

= min

(L, X)

tr(X)

st 1<tr(X) <3
X =xx"

x € {0, 1}"

Alpen-Adria-Universitat Klagenfurt

= min £(L, X)
st tr(X) =
(4, X) = k?
1<k<?
X =xx"

x€{0,1}" keR




Spectral Bound — SDP Relaxation

-
h(G) = min xeTI;(x = min iﬁ&)):; =min (L, X)
st. 1<e'x< 2 st. 1<tr(X) <3 st. tr(X) =
x € {0, 1}" X =xx" (4, X) = k?
x €{0, 1}" 1<k<?$
X =xx"

x€{0,1}" keR

» X =xx! relaxto X =0
» drop x € {0,1}"
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Spectral Bound — SDP Relaxation

_ xLx . (LX)
h(G) = min Tx = min (%)
st. 1<elx< 3 st. 1<tr(X) <3
x €{0, 1}" X =xx"
x € {0, 1}"
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Spectral Bound — SDP Relaxation

-
h(G) = min XeTI;(X = min iiEX; =min (L, X)
st. 1<e'x< g st. 1<tr(X) <3 st. tr(X) =k
x €{0, 1}" X =xx" (J,X) = k2
x € {0, 1}" 1< k<D
X =xx"
xe€{0,1}" keR
> min £(L,X)
stt. tr(X) =k
(4, X) = k2
1<k<
X =0,keR
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Spectral Bound — SDP Relaxation

-
h(G) = min XeTI;(X = min ifé)):; =min (L, X)
st. 1<e'x< g st. 1<tr(X) <3 st. tr(X) =
x € {0, 1} X = xxT (J,X) = K2
x € {0, 1}" 1<k< 2
X =xx"
xe{0,1}" keR
> min (L, X) =min (L, X)
st tr(X) =k st tr(X)=1
(4, X) = k? (J,X) =k
1<k 1< k<t
X=0,keR X%=0,keR
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Spectral Bound — SDP Relaxation

.
h(G) = min XeTI;(X = min ifé)):; =min (L, X)
st. 1<e'x< g st. 1<tr(X) <3 st. tr(X) =
x € {0, 1}" X = xxT (J,X) = k2
x € {0, 1} 1< k<D
X =xx"
xe{0, 1)k eR
> min L(L,X) =min (LX) — 2ofL)
st tr(X) =k st tr(X) =1
(4, X) = k? (J,X) =k
1<k< 1<k< 2
X=0keR X=0keR
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Comparison Lower Bounds

Instances: graph of grlex polytope in dimension d with h(G) =1

d n| XN
2 4 1

3 71079
4 11 | 0.67
5 16 | 0.58
6 22052
7 29048
8 371045
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Comparison Lower Bounds

Instances: graph of grlex polytope in dimension d with h(G) =1

n )\2/2 mincut/|_,,/2J
4 1 1
71079 1

11 | 0.67 0.80
16 | 0.58 0.63
22 |1 0.52 0.55
29 | 0.48 0.50
37 | 0.45 0.44

o ~NOCh WNa
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Comparison Lower Bounds

Instances: graph of grlex polytope in dimension d with h(G) =1

d n| Xf2 mincut/|n/5) min(ly)
2 4 1 1 1

3 7079 1 1

4 11 | 0.67 0.80 1

5 16 | 0.58 0.63 1

6 22052 0.55 0.99
7 29048 0.50 0.95
8 37045 0.44 0.90
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Split & Bound

hy = min 3

st. el x=k
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Split & Bound

h, = min XTkLX
Ty — ~ h(G) = min h
st. e x=k (G) 10k2s k
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Split & Bound

hx = min XTkLX
st. e'x=k o~ h(G) = minn hy
1<k<?2
x €{0,1}" -

© computing hy still NP-hard (Graph Bisection, BQP)
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Split & Bound

hx = min XTkLX
st. e x=k ~ h(G) = minn hy
1<k<?2
x €{0,1}" -

© computing hy still NP-hard (Graph Bisection, BQP)

» compute lower and upper bounds £, < h, < uy for all possible candidates of k
» /) via relaxation (semidefinite programming)
» uy via heuristic (simulated annealing)
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Split & Bound

hx = min XTkLX
st. e x=k ~ h(G) = minn hy
1<k<?2
x €{0,1}" -

© computing hy still NP-hard (Graph Bisection, BQP)

» compute lower and upper bounds £, < h, < uy for all possible candidates of k
» /) via relaxation (semidefinite programming)

» uy via heuristic (simulated annealing)

> compute hy only if needed

Angelika Wiegele
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Split & Bound: SDP relaxation

hi = min XTkLX
st. e'x=k o h(G) = min hy
1<k<Z2
x € {0,1}" —

{i via relaxation (semidefinite programming)
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Split & Bound: SDP relaxation

hi = min XTkLX
st. e'x=k o h(G) = min hy
1<k<Z2
x € {0,1}" —

{i via relaxation (semidefinite programming)

= variable x € {0,1}"
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Split & Bound: SDP relaxation

hi = min XTkLX
st. e'x=k o h(G) = min hy
1<k<Z2
x € {0,1}" —

{i via relaxation (semidefinite programming)

= variable x € {0,1}"
= linearize with X = xx (Xij = xix;j)

Angelika Wiegele Alpen-Adria-Universitat Klagenfurt



Split & Bound: SDP relaxation

hi = min XTkLX
st. e'x=k o h(G) = min hy
1<k<Z2
x € {0,1}" —

{i via relaxation (semidefinite programming)

= variable x € {0,1}"
= linearize with X = xx (Xij = xix;j)
Drelax X —xx" =0to X —xx" =0

Angelika Wiegele Alpen-Adria-Universitat Klagenfurt



Split & Bound: SDP relaxation

hx = min XTkLX
st. e'x=k o h(G) = min hy
1<k<Z2
x € {0,1}" —

{i via relaxation (semidefinite programming)

= variable x € {0,1}"
= linearize with X = xx (Xij = xix;j)
Drelax X —xx' =0to X —xx| >0
=» Schur complement (>)<(T ’f) =0
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Split & Bound: SDP relaxation

hx = min XTkLX
st. e'x=k o h(G) = min hy
1<k<Z2
x € {0,1}" —

{i via relaxation (semidefinite programming)

= variable x € {0,1}"
= linearize with X = xx (Xij = xix;j)
Drelax X —xx" =0to X —xx" =0
=» Schur complement (>)<(T ’f) =0
=» x? = x; ~ add constraint diag(X) = x
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Split & Bound: SDP relaxation

o x T Lx
hx = min 3
st. elx=k o~ h(G) = min hy
1<k<?

x €{0,1}"

{i via relaxation (semidefinite programming)

he =l =min  +(L,X)
st. e'x=k

he = min (L, X)
st. e'x=k (J,X) = k2
(J,X) = k? diag(X) = x
X:XXT 1 XT
x ={0,1}" X) =0
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Example
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Example

Angelika Wiegele

rand01-8-164-2

re
P ®
P d ~. @) A
oo o o i
oo™ “ony @ »h

1 6 11 16 21 26 31 36 41 46 51 56 61 66 71 76 81
k
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Split & Bound

. T
hy = min  Xtx =
k compute stronger lower bounds ¢, to have
st. elx=k C <l < hye < g
x €{0,1}"
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Split & Bound

. T
hy = min X ka

st. e'x=k
x €{0,1}"

compute stronger lower bounds 7, to have
U < < hye < uge.

Let P € {0,1}"*2 be a partition matrix and x = vec(P).

Angelika Wiegele

Alpen-Adria-Universitat Klagenfurt



Split & Bound

hx = min xLx =
compute stronger lower bounds ¢, to have

K
st. e'x=k le < Uy < hy < ug.

x €{0,1}"
Let P € {0,1}"*2 be a partition matrix and x = vec(P).

(L,PP") = vec(P)" (l, ® L)vec(P) =
=x"(h®Lx=(bh®Lxx").
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Split & Bound

hx = min xLx =
compute stronger lower bounds ¢, to have

K
st. e'x=k le < Uy < hy < ug.

x €{0,1}"
Let P € {0,1}"*2 be a partition matrix and x = vec(P).

(L,PP") = vec(P)" (l, ® L)vec(P) =
=x"(h®Lx=(bh®Lxx").

Replace xx | by X € 8§27,
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Split & Bound

hx = min xLx =
compute stronger lower bounds ¢, to have

K
st. e'x=k le < Uy < hy < ug.

x €{0,1}"
Let P € {0,1}"*2 be a partition matrix and x = vec(P).

(L,PP") = vec(P)" (l, ® L)vec(P) =
=x"(h®Lx=(bh®Lxx").

Replace xx | by X € 8§27,
. . 1 x!
relax X = xx' to X —xx' >= 0, use Schur complement ~ X := (x )}(>

Alpen-Adria-Universitat Klagenfurt
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ADMM for Graph Bisection

SDP relaxation for bisection [Henry Wolkowicz and Qing Zhao, 1999] plus

nonnegativity

1
k
s.t. trace(X') =k, (J,XM) = k2

trace(X??) = n — k, (J,X??) = (n — k)?

diag(X*?) = 0, diag(X?!) =0, (J, X*? + X?1) = 2k(n — k),

<L,X11 + X22>

min
X

1 ()T AT _ )
X=|xt Xx1 X2 ]=0 x' =dagX"), i=1,2,
X2 X21 X22

X e 82t X > 0.
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ADMM for Graph Bisection

1

k

s.t. trace(X') =k, (J,XM) = k2

trace(X??) = n — k, (J,X??) = (n — k)?

diag(X*?) = 0, diag(X?!) =0, (J, X*? 4+ X?1) = 2k(n — k)
1 (T ()7 , )

X=xt Xx% X2 ]=0, x'=dagX"), i=12
X2 X21 X22

XeS&l x>0

min (L, X1 4 x22)

» Can be strengthened by cutting planes from the boolean quadric polytope
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ADMM for Graph Bisection

1

k

s.t. trace(X') =k, (J,XM) = k2

trace(X??) = n — k, (J,X??) = (n — k)?

diag(X*?) = 0, diag(X?!) =0, (J, X*? 4+ X?1) = 2k(n — k)
1 (T ()7 , )

X=xt Xx% X2 ]=0, x'=dagX"), i=12
X2 X21 X22

XeS&l x>0

min (L, X1 4 x22)

» Can be strengthened by cutting planes from the boolean quadric polytope
» serious computational effort, standard methods for SDP not applicable.
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ADMM for Graph Bisection

1

k

s.t. trace(X') =k, (J,XM) = k2

trace(X??) = n — k, (J,X??) = (n — k)?

diag(X*?) = 0, diag(X?!) =0, (J, X*? 4+ X?1) = 2k(n — k)
1 (T ()7 , )

X=xt Xx% X2 ]=0, x'=dagX"), i=12
X2 X21 X22

XeS&l x>0

min (L, X1 4 X22)

» Can be strengthened by cutting planes from the boolean quadric polytope
» serious computational effort, standard methods for SDP not applicable.
» Apply ADMM [Frank De Meijer, Renata Sotirov, A. W., Shudian Zhao, 2023]
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ADMM for Graph Bisection

The SDP has no interior ~ apply facial reduction.
Resulting relaxation in lower dimensional space:

min (L, WRWT)
st. GIWRWT)=0
(WRW ) =1

WRW'T >0
R>=0,Re S,

7.1
where L := 3 (0 b L) , G ...Gangster operator.

Angelika Wiegele
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ADMM for Graph Bisection

R:={ReS":R >0},

G(X) =0, X11 =1,

trace(X'!) = k, trace(X*?) = n — k,
diag(X!) + diag(X??) = e, Xuy = diag(X),
0<X<J

X =< Xes&tl.

Rewrite the facially reduced SDP relaxation:

min{<l,x> . X=WRWT, ReR, X ex}.
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ADMM for Graph Bisection

R:={ReS":R >0},

G(X) =0, X11 =1,

trace(X'!) = k, trace(X*?) = n — k,
diag(X!) + diag(X??) = e, Xuy = diag(X),
0<X<J

X =< Xes&tl.

Rewrite the facially reduced SDP relaxation:

min{<l,x> . X=WRWT, ReR, X ex}.

Lo(X,R; Z) = (LX) +(Z,X — WRWT) + %HX — WRWT|2.
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ADMM for Graph Bisection
Lo(X,R; Z) = (LX) +(Z,X — WRWT) + %HX — WRWT|2.

Let (RP, XP, ZP) denote the p-th iterate of the ADMM. The next iterate
(RPHL XP+L ZP*1) is obtained as follows:
RPL =argmin L,»(R, XP; ZP),
ReER

XPtl — arg min ﬁgp(RpH, X; ZP),
XeXx

ZPH =ZP 4y P - (XPTT — WRPTIWT),

where v € (0, %)
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ADMM for Graph Bisection
Lo(X,R:Z) = (L,X)+(Z,X — WRWT) + %Hx — WRWT|2.

Let (RP, XP, ZP) denote the p-th iterate of the ADMM. The next iterate
(RPHL XP+L ZP*1) is obtained as follows:
RPL =argmin L,»(R, XP; ZP),
ReER

XPtl — arg min ﬁgp(RpH, X; ZP),
XeXx

ZPTE=ZP 4 v 0P - (XPTE — WRPTIWT),
where v € (0, 1+2‘/§>.

» optimization over R: projection onto cone of psd matrices, i.e., computing
eigenvalue decomposition
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ADMM for Graph Bisection
Lo(X,R:Z) = (L,X)+(Z,X — WRWT) + %HX — WRWT|2.

Let (RP, XP, ZP) denote the p-th iterate of the ADMM. The next iterate
(RPHL XP+L ZP*1) is obtained as follows:
RPL =argmin L,»(R, XP; ZP),
ReER
XPT =argmin L,»(RPTY, X; ZP),
Xex
ZPTE=ZP 4 v 0P - (XPTE — WRPTIWT),

where v € (0, 1+2‘/§>.

» optimization over R: projection onto cone of psd matrices, i.e., computing
eigenvalue decomposition

> optimization over X’ with additional cutting planes: Dykstra's cyclic projection
algorithm

Angelika Wiegele Alpen-Adria-Universitat Klagenfurt



ADMM for Graph Bisection

Initialization: Set (R%, X%, Z%), ¢° and 7. Set p =0, T = 0);
Construct W;
while stopping criteria not met do
while stopping criteria not met do
RPHL =P (WT (XP + LZ2P) W);
XPHl = P, (WF\”’+1 w't — ﬁ (Z + ZP)) using Dykstra’'s Algorithm;
ZPtl = ZP 4y . gP - (XPTL — WRPHLWT);
update oPt! ;
p<p+1
10 Compute a valid lower bound Ib(RP, ZP) ;
11 Separate violated inequalities and add to T;
12 Cluster the cuts in T;

© o N o g s W N =
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Example

Angelika Wiegele

rand01-8-164-2

re
P ®
P d ~. @) A
oo o o i
oo™ “ony @ »h

1 6 11 16 21 26 31 36 41 46 51 56 61 66 71 76 81
k

Alpen-Adria-Universitat Klagenfurt



Example

Angelika Wiegele

rand01-8-164-2

re
I T N ®
o .~o. 2 b
o 7,
0 or” o0, e

1 6 11 16 21 26 31 36 41 46 51 56 61 66 71 76 81
k

Alpen-Adria-Universitat Klagenfurt



Computing hy
h, = min %XTLX
st. elx=k
x €{0,1}"
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Computing hy
h, = min %XTLX
st. elx=k
x €{0,1}"

Let X € {0,1} such that e" % = k and ;1 — ¥ /.
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Computing hy
h, = min %XTLX
st. elx=k
x €{0,1}"

Let X € {0,1} such that e"% = k and ;s — ¥ [ %. Consider x € {0,1}". Then

=x'lx ife'x=k

T T, L2
x' Lx+ plle’ x — k| {Z/l if eTx £ k
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Computing hy
h, = min %XTLX
st. el x=k
x €{0,1}"

Let X € {0,1} such that e"% = k and ;s — ¥ [ %. Consider x € {0,1}". Then

=x'lx ife'x=k

T T, L2
x' Lx+ plle’ x — k| {2/1 if eTx £ k

he = %min{xTLx + MHGTX - kHZ: x € {0,1}"}

1
= = min{x" (L + pee')x — 2uke' x + uk®: x € {0,1}"}
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Computing hy
h, = min %XTLX
st. el x=k
x €{0,1}"

Let X € {0,1} such that e"% = k and ;s — ¥ [ %. Consider x € {0,1}". Then

=x'lx ifelx=k
> if el x # k

xTLx + plle"x — k|2 {
by = % min{x " Lx + plleTx — K[2: x € {0,1}"}
1
= = min{x" (L + pee')x — 2uke' x + uk®: x € {0,1}"}

» unconstrained binary quadratic program ~ can be solved, e.g., with BigMac or
BigCrunch.
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Example

Angelika Wiegele
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Example
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Example

Angelika Wiegele
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Outline

Compute the edge expansion of a graph

> Split & Bound
» Dinkelbach’s Algorithm

» Completely Positive Formulation
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|dea by Dinkelbach
Let F={xe{0,1}" |1 <e'x < 3}.

By Definition:
0 3x e F: X = p(G)
® Vx e F: Xk > p(G)
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|dea by Dinkelbach
Let F={xe{0,1}" |1 <e'x < 3}.

By Definition:
0 IxeF.xibx—

h
® Vx e F: kx> pG)

P(y) =min x"Lx —~ye'x
st. xeF
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|dea by Dinkelbach
Let F={xe{0,1}" |1 <e'x < 3}.

By Definition:
O I cF:XX=hG) & IxeF:ixIx—ye'x=0
QVXGf:);TT—L)f}h(G) & WxeF:x"Ix—ve'x>=0
P(7) = min x"Lx —ye'x
st. xeF v = h(G):
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|dea by Dinkelbach
Let F={xe{0,1}" |1 <e'x < 3}.

By Definition:
O I cF:XX=hG) & IxeF:ixIx—ye'x=0
QVXGF:X;T—L;}h(G) & WxeF:x"Ix—ve'x>=0
P(7) = min x"Lx —ye'x
st. xeF v=h(G): P(y)=0
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|dea by Dinkelbach
Let F={xe{0,1}" |1 <e'x < 3}.

By Definition:
03X6]~":%zh(G)<y & IxeF:xIx—ve'x<0
® Vx € F: Xk > p(G)
P(7) = min x"Lx —ye'x
st. xeF v=h(G): P(y)=0

v > h(G):

Angelika Wiegele
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|dea by Dinkelbach
Let F={xe{0,1}" |1 <e'x < 3}.

By Definition:
03X6]~":%zh(G)<y & IxeF:xIx—ve'x<0
® Vx € F: Xk > p(G)
P(7) = min x"Lx —ye'x
st. xeF v=h(G): P(y)=0

v > h(G): P(v) <0
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|dea by Dinkelbach
Let F={xe{0,1}" |1 <e'x < 3}.

By Definition:
0 3x e F: X = p(G)
QVXGF:);TT—L;>h(G)>ﬂ/ & WxeF:xIx—vye'x>0
st. xeF v=h(G): P(y)=0
v> h(G): P(y)<0
v < h(G):

Angelika Wiegele
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|dea by Dinkelbach
Let F={xe{0,1}" |1 <e'x < 3}.

By Definition:
0 3x e F: X = p(G)
QVXGF:);TT—L;>h(G)>ﬂ/ & WxeF:xIx—vye'x>0
P(7) = min x"Lx —ye'x

st. xeF v=h(G): P(y)=0
v > h(G): P(y) <0
v < h(G): P(y)>0

Angelika Wiegele
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|dea by Dinkelbach
Let F={xe{0,1}" |1 <e'x < 3}.

By Definition:
0 3x e F: X = p(G)
® Vx e F: Xk > p(G)
P(y) =min x"Lx —~ye'x
st. xeF v =h(G): P(y)=0
_ v > h(G): P(v) <0
= find zero of P v < h(G): P(v)>0

O start with x; € F, set 1 = 2=+ LXl > h(G)

x2 T Lxo

@ compute P(v1) by solving the Blnary Quadratic Problem, get x, and v, =

X2

' iterate until P(y¢) =0

Angelika Wiegele Alpen-Adria-Universitat Klagenfurt



Instance Split & Bound  Dinkelbach Gurobi

n h(G) time (s) time (s) time (s)
grlex-11 67 1.0000 148 4.4 2.0
grlex-12 79 1.0000 280.4 4.6 2.0
grlex-13 92 1.0000 14037.2 4.1 2.3
grevlex-11 67 3.6667 193.9 10412.3 1460.7
grevlex-12 79 3.9231 1315.5 11861.7 8624.9
grevlex-13 92 4.0000 2246.3 29.4 -
polbooks 105 0.3654 540 128.7 3.3
football 115 1.0702 399.9 25.8 31.2
celegansneural 297 1.0000 389.3 80.6 22.0
sp_ office 92 3.3696 19.3 858.7 522.2
revolution 141 0.0962 1595.6 639.0 1.3
malaria_genes  HVR1 307 0.2377 62943.4 425.8 7.8




Instance Split & Bound  Dinkelbach Gurobi

n h(G) time (s) time (s) time (s)
grlex-11 67 1.0000 148 4.4 2.0
grlex-12 79 1.0000 280.4 4.6 2.0
grlex-13 92 1.0000 14037.2 4.1 2.3
greviex-11 67 3.6667 193.9 10412.3 1460.7
grevlex-12 79 3.9231 1315.5 11861.7 8624.9
grevlex-13 92 4.0000 2246.3 29.4 -
polbooks 105 0.3654 540 128.7 3.3
football 115 1.0702 399.9 25.8 31.2
celegansneural 297 1.0000 389.3 80.6 22.0
sp_ office 92 3.3696 19.3 858.7 522.2
revolution 141 0.0962 1595.6 639.0 1.3
malaria_genes HVR1 307 0.2377 62943.4 425.8 7.8

n h(G) time (s) time (s) gap (rel.)
rand01-9-278-0 278  10.0719 17542.8 - 0.953
rand01-9-278-1 278 9.0000 8153.3 103.7 0.954
rand01-9-278-2 278 9.9209 31125.4 - 0.957
rand01-10-281-0 281  28.9000 1807.9 - 0.975
rand01-10-281-1 281  27.7929 1776.4 - 0.973
rand01-10-281-2 281  27.7500 2435.7 1103.5 0.972




Performance Comparison — 3 Exact Algorithms

Angelika Wiegele

% of instances solved

T T T T
1 || —#— Gurobi

— = Dinkelbach
—e— Split & Bound

0.8

1 | 1
0 100 200 300 400 500 0.2 0.4 0.6 08 1

1 | 1 | | 0

time (sec) time (sec) -10*

© Time limit set to 3 hours.
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Outline

Compute the edge expansion of a graph

> Split & Bound
» Dinkelbach’s Algorithm

» Completely Positive Formulation
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Outline

Compute the edge expansion of a graph

> Split & Bound
» Dinkelbach’s Algorithm

» Completely Positive Formulation

Set of Completely Positive Matrices

t
CP"={X€e€S":X=) aal, 3>0Vie{l,. .. t}}
i=1

Angelika Wiegele Alpen-Adria-Universitdt Klagenfurt



Convexification techniques for quadratic fractional programs
. x'Bx+b'x+ by
min
xeX xTAx+alx+ ag

Theorem (He, Liu, Tawarmalani, 2024)
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Convexification techniques for quadratic fractional programs
min x"Bx+ b"x + by
xeX xTAx+alx+ ag
Theorem (He, Liu, Tawarmalani, 2024)
Let X CR", X # () bounded,
g(x)=x"Ax+a'x+a >0 VxeXCRn,

F={(1,x,xx"): x € X}, g:{%:xeé\f}
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Convexification techniques for quadratic fractional programs

x"Bx+ b x + by
i = mi B,Y)+b'y+b
o XTAx +alx+ag (p,;r,‘\l/r;eg (B, Y) + by +bop

Theorem (He, Liu, Tawarmalani, 2024)
Let X CR", X # () bounded,
g(x) =x"Ax+a'x+a >0 VxeX CRn,
F={1l,x,xx"):x€ X}, G= {M IX € X}

q(x)
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Convexification techniques for quadratic fractional programs

x ' Bx+b'x+by
i B.Y)+b'y+b
Q;IX xTAx +alx+ ao (p y,YSnEIcnonv(g) < ’ > + y =+ bop

Theorem (He, Liu, Tawarmalani, 2024)
Let X CR", X # () bounded,
g(x) =x"Ax+a'x+a >0 VxeX CRn,
F={1l,x,xx"):x€ X}, G= {M IX € X}

q(x)

B ~(p,y,Y) € pconv(F), p =0,
=>conv(g)—{(/77y7 Y): (A, y>+aTy+aOp:1
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Convexification techniques for quadratic fractional programs

x ' Bx+b'x+by
i B.Y)+b'y+b
Q;IX xTAx +alx+ ao (p y,YSnEIcnonv(g) < ’ > + y =+ bop

Theorem (He, Liu, Tawarmalani, 2024)
Let X CR", X # () bounded,
g(x) =x"Ax+a'x+a >0 VxeX CRn,
F={1l,x,xx"):x€ X}, G= {M IX € X}

q(x)

B ~(o,y,Y) € pconv(F), p =0,
=>conv(g)—{(/77y7 Y): (A, y>+aTy+aOp:1

= conv(F) ?
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Convexification techniques for quadratic fractional programs

x ' Bx+b'x+by
i B.Y)+b'y+b
Q;IX xTAx +alx+ ao (p y,YSnEIcnonv(g) < ’ > + y =+ bop

Theorem (He, Liu, Tawarmalani, 2024)
Let X CR", X # () bounded,
g(x) =x"Ax+a'x+a >0 VxeX CRn,
F={1l,x,xx"):x€ X}, G= {M IX € X}

q(x)

B ~(p,y,Y) € pconv(F), p =0,
=>conv(g)—{(/77y7 Y): (A, y>+aTy+aOp:1
= conv(F) ?

x =R = conv(7) = {(Lxx): (X }) ecpt)
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Convexification techniques for quadratic fractional programs

x ' Bx+b'x+by
i B.Y)+b'y+b
Q;IX xTAx +alx+ ao (p y,YSnEIcnonv(g) < ’ > + y =+ bop

Theorem (He, Liu, Tawarmalani, 2024)
Let X CR", X # () bounded,
g(x) =x"Ax+a'x+a >0 VxeX CRn,
F={1l,x,xx"):x€ X}, G= {M IX € X}

q(x)

B ~(p,y,Y) € pconv(F), p =0,
=>conv(g)—{(/77y7 Y): (A, y>+aTy+aOp:1

= conv(F) ?

x =R = conv(7) = {(Lxx): (X }) ecpt)
= not bounded ®
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x"Bx+ b x+ by
min
xeXnl xTAx+a'x+ ag

Theorem (He, Liu, Tawarmalani, 2024)
Let L={xeR": Cx=d}, X CR", XNL # ( bounded,
g(x) =x"Ax+a'x+a >0 VxeXxncL,
F ={(1,x,xx") : x e XNL}, G = {% s Xﬁﬁ},
F={(1,x,xx"):x € X}
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x"Bx+ b x+ by
B,Y)+b'y+h
X0 xTAx +a'x+ ag (p,y,Ygglcr;nv g’ (B,Y)+bly+bop
Theorem (He, Liu, Tawarmalani, 2024)
Let L={xeR": Cx=d}, X CR", XNL # ( bounded,
g(x) =x"Ax+a'x+a >0 VxeXxnL,
={(1,x,xx7) : x € XNL}, Q’Z{% EXﬁL’}
F={(1,x,xx"):x € X}
(p,y,Y) € pconv(F), p =0, }

= Conv(g/) =< (py,Y): (AY)+a'y +app=1,
tr(CYC" — Cyd" —dy'C" + pdd™) =0
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xT"Bx+ b'x + by
B,Y)+b'y+h
XGXﬂE xTAx +alx+ ao (p,y,Ygglcr;nv (G") < ’ > + Y+ bop

Theorem (He, Liu, Tawarmalani, 2024)
Let L={xeR": Cx=d}, X CR", XNL # ( bounded,
g(x) =x"Ax+a'x+a >0 VxeXxnL,
F ={(1,x,xx") : x e XNL}, G = {% X € Xﬁﬁ},
F={(1,x,xx"):x € X}

(p,y,Y) € pconv(F), p =0,
tr(CYC" — Cyd" —dy'C" + pdd™) =0

= conv(§') = {(p,y, Y): (A Y)+a'y+ap=1,
(

Binary variables x € {0,1}"
» x,z€ R, x; + 2z =1 v= constraints in L

> Yiitn=0 = description of conv((')
> non-negative variables =» completely positive cone
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Convexification of the edge expansion problem

x T Lx

elx

st. e x+s=|2]
elx—t=1
x € {0, 1}"
s, t>0

h(G) = min
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Convexification of the edge expansion problem

T X X X X
H X LX z z z z 2ni2
h(G) = min T ©F="{|u2117]|2 ? | erzy
t t t t
st. e x+s=|2]
Tx—t= e, 0, 1 0 13]
ex—t=1 ©C=(e of 0 1), d=|1
x € {0, 1}" In I 0, 0p en
s7t>0 M = (C _d)
Oy =0 v, ¥ n

Yox Yoo Yos Yz 2n+2
€S
Yx Yz Yss Y
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Convexification of the edge expansion problem

]
T X X X X
1 x_ Lx z z z z
h(G) = min ol x ©F=:|. (S) . (S) (S) : (S) € R
st. elx+s= 15] YO '
Tx—t= el 0 1 0 12
ex—t=1 ©C=(e of 0 1), d=|1
X € {07 ]‘}n In In 0, Op €n
s,t >0 M= (C -d)
T _ T T
= min (L, Yix) Oy =0 v, ¥ n
s.t. Yo Yz Yxs Yt
— Yox Yz Yzs Ya 2n+2
Y=lvo va va va| €S
(p,y,Y)€conv(G) Yo Yo Y Y
~ Y y>
Y =
(yT p

Alpen-Adria-Universitat Klagenfurt
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Convexification of the edge expansion problem

xTLx AWATAN x
h(G) = min T o F = 1. i . z z : z € R20+2
e—l— x n t t t t
st. e' x+s= |.§J
T — fd e,T OI 1 0 LEJ
ex—t=1 Q)C:(enT o[o-1),d:(§)
X G {07 1}” ln ln On On en

= min (L, Yix)
YXX YXZ YXS YXt
Y,

T
st. (e =1

. Y x Yz Yzs Y c 82n+2
dlag( YXZ) = On Yx Yz Yos Y

(MTM,Y)=0
N ~ Y y
2n+3 Y =
Y eCP <yr p>

(p,y,Y)€conv(G)

Alpen-Adria-Universitat Klagenfurt
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Completely positive reformulation — Strong relaxation

h(G) = min (L, Yix)

st. ely =1
diag(Yxz) = On
(MTM,Y)=0
Y € cp2nt3

A optimization over CP NP-hard

Angelika Wiegele
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Completely positive reformulation — Strong relaxation

h(G) > min (L, Yix)

st. ely =1
diag(Yxz) = On
(MTM,Y)=0
Y >0, Y>>0

A optimization over CP NP-hard > relax to DN N

Angelika Wiegele
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Completely positive reformulation — Strong relaxation
h(G) > min (L, Yix)

st. ely =1
diag(Yxz) = 0,
(MTM,Y)=0
Y>0,Y=0

A optimization over CP NP-hard > relax to DN N

A DNN relaxation has no Slater point 7 facial reduction
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Completely positive reformulation — Strong relaxation

h(G) > min (L, Yix) = min (L, Yi)

s.t. eTyX =1 s.t. eTyX =1
diag(Ysz) = 0, diag(Ysz) = 0,
(MTM,Y)=0 Y =WRWT >0
Y >0, Y =0 R>=0

A optimization over CP NP-hard 7 relax to DN

A DNN relaxation has no Slater point £7 facial reduction
OY=0=(MMY)=0s MY =0
O columns of W € R+3)x(n+1) orthonormal basis of ker(M)
= {Y=0: MY =0} ={WRWT : R~ 0}
= dimension of psd variable 2n+3 = n +1 ©
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min (L, Yix)

st. (e O),)y=1
diag(Yxz) =0
WRWT >0,R>=0

(DNN-PFR)
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min (L, Yix)

st. (e O),)y=1
diag(Yxz) =0
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min (L, Yix)

st. (e O),)y=1
diag(Yxz) =0
WRWT >0,R>=0

(DNN-PFR)

Strengthening

O Y cCP3 & (py,Y)epeonv ({(1,%,%57): x e R2M2)), x = (x7, 2,5, 1)
9 x,z€{0,1}" = BQP inequalities
=» @ scaled BQP inequalities for yy, v,

Xij < Xxi Yi <y

Xij + Xik — Xi < X Yi+ Yk — Y <y

Xi+x — Xj <1 © Yi+yi—Yi<p

Xi + X+ X — Xj — Xie — X < 1 YitYit+ty—Yi—Yu—Yi<p

@ diag(Yix) = yx, diag(Yz) = v
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min (L, Yix)

st. (ef 0),)y=1
diag(Yiz) =0
WRWT >0,R=0

(DNN-PFR)

Theorem (Hrga, Siebenhofer, W., 20241)

© (DNN-PFR) has a Slater feasible point.
© every feasible point Y satisfies

E”thpgl E‘/yx'i‘yz:pen

2

¥ 1< (E,Y) < 2] & upper bounds for Y

& Yi<y VijeRn ™ yi+y—Yj<p Vije€[2n]

= add BQP: Yj + Yy — Y < yi Vi j k €[2n]
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min (L, Yix)

st. (ey 0y o)y=1
diag(Yyz) =0 (DNN-PFRC)
Yi+ Y — Y <y Vij, kel[2n]
WRWT >0, R=0

© only variable is 7, Y = WRWT for easier notation only.
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min (L, Vi)

st. (e OI+2)Y =1
diag(Ysz) = 0 (DNN-PFRC)
Yi+ Yi—Yi <y Vij ke [2n]
WRWT >0, R>=0

©® only variable is R, Y = WRWT for easier notation only.
min

s.t.

Bk, WRWTY <0 Vi, j, k€[2n]
Ejy, WRWT)Y>0  Vijen]
R>=0

(

( 1

(A, WRWTY =0  Vieln
(

(
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min

s.t.

(L, Yie)

(en OI+2)}/ =1

diag(Yyz) = 0 (DNN-PFRC)
Yi+ Yi—Yi <y Vij ke [2n]

WRWT >0, R>=0

©® only variable is R, Y = WRWT for easier notation only.

Angelika Wiegele

min

s.t.

WTBuW,R) <0 Vi j kel[2n]

(

(

(WTAW,RY=0  Vieln

(

(WTE;W,R) >0 Vi, je€|n]
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min (L, Yix)

st. (ey 0y o)y=1
diag(Yyz) =0 (DNN-PFRC)
Yi+ Y=Y <y Vijke[2n]
WRWT >0, R=0

© only variable is 7, Y = WRWT for easier notation only.

min (L, WRWT)

st. A(WRWT)=»b
B(WRWT) <0
WRWT >0
R=0
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Computing (DNN-PFR) and (DNN-PFRC)

= augmented Lagrangian method on dual

max b'v
st. W (ATw-BTp+S-LW+Z=0 (DNN-DFRC)
veR™ 1>0,5>0 Z+0

LoV, S, Z:R)=b"v —(WT (ATv =BT+ S~ L)W+ Z,R)
~. 2

—iHWT(ATV ~BTu+S-Ow+2

O |Initialize Ry, ag > 0

O (v, pk, Sk, Zk) = argmin Ly, (v, 1, S, Z;Ry) =* quasi-Newton method

O Ry =R — aik(WT(.ATl/k — BT g + Sk — Z) W+ Zk)

® iteratively add violated BQP cuts, few violated — decrease 1

£ post processing to obtain valid lower bound
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Numerical results - with cuts

Instance (DNN-PFR) (DNN-PFRC)

n uB gap (%) time (s) gap (%) time(s) cuts
rand01-9-278-0 278  10.07 11.7 878.5 2.8 760.7 2204
rand01-9-278-1 278 9.00 10.6 1180.1 7.8 2022.7 4272
rand01-9-278-2 278 9.92 12.8 763.3 1.6 1737.8 3091
rand01-10-281-0 281  28.90 4.1 408.3 0.8 680.6 2068
rand01-10-281-1 281  27.79 4.8 1103.3 0.5 858.7 2233
rand01-10-281-2 281  27.75 4.7 418.1 0.8 693.2 1997
grlex-23 277 1.00 2.3 1415.0 1.2 1455.7 1278
grlex-24 301 1.00 1.0 1542.0 0.0 1663.3 968
grlex-25 326 1.00 5.9 2231.8 3.9 2250.9 443
grevlex-25 326 7.72 18.7 2544.0 5.8 2984.0 2317
grevlex-26 352 7.94 21.0 2169.6 55 4133.8 2373
grevlex-27 379 8.13 19.4 2747.3 6.0 3515.5 1450
polbooks 105 0.37 14.9 114.2 3.0 175.6 1033
football 115 1.07 9.4 86.4 0.0 118.1 382
celegansneural 297 1.00 8.2 2595.9 3.6 3844.4 841
sp-office 92 3.37 7.1 64.9 2.4 89.8 1333
revolution 141 0.10 21.0 242.2 7.9 233.7 1110
malariagenes-HVR1 307 0.24 52.3 3225.4 4.4 2620.7 1608
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Summary

» Edge Expansion — NP-hard
> 2 Exact Solution Approaches
» Split & Bound
» Dinkelbach's Algorithm

» Equivalent formulation using Completely Positive Matrices

» Doubly Non-Negative Relaxation & Augmented Lagrangian

» Code available at Melanie Siebenhofer’s github repository
https://github.com/melaniesi/EdgeExpansion. jl,
https://github.com/melaniesi/CheegerConvexificationBounds. jl
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Thank you!

Akshay Gupte (Edinburgh), Timotej Hrga & Melanie Siebenhofer (Klagenfurt)
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