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1) Lau & Liu, arXiv, 2022.
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<latexit sha1_base64="Q50TAbPWswgz2ZeGA66EfoF04AQ="></latexit>

λ3

<latexit sha1_base64="hnuIy7/Bn7xiINjapeuVY/D1cOI="></latexit>

λ4

<latexit sha1_base64="Tac3QzXGldAwAmEbesEceqDcbXQ="></latexit>

λ5

<latexit sha1_base64="5P1XOeGHjEVSxORsheL/+VBKdSM="></latexit>

λ6

<latexit sha1_base64="+2AprXMBIpZQWjDS8OzBxTTWEQI="></latexit>

bP2

<latexit sha1_base64="suOU/u3cfVuwxISfobPb5SOplz8="></latexit>

bP3

<latexit sha1_base64="cOx2zN2N9RqDL3LRPWbGbZuQLC0="></latexit>

bP4

<latexit sha1_base64="4TUx8pM8vIM41tIK+PekirnROYA="></latexit>

bP5

<latexit sha1_base64="+mpcJjdjZORbQdcmx5Xpy1eq2UM="></latexit>

bP6
<latexit sha1_base64="WHieUjDStoy3tWwixiL2Q7QfToI="></latexit>

P
<latexit sha1_base64="PEsxoOMh2NDf5LYTyqky1OjaEN0="></latexit>

bP1

Barycenter:
<latexit sha1_base64="mTovAkcPvINibbs9pWtStsLOQj0="></latexit>

P = ?

<latexit sha1_base64="58jBHqOJxqD4xL/aBnTUnCLiOfk="></latexit>

P can be defined as solution of convex program

<latexit sha1_base64="19/MKnyHH1VAUpAIOiz+ywbdLq4="></latexit>

min
P2P(Rd)

KX

k=1

λkWp(P, bPk)p�

<latexit sha1_base64="F5015rQ/cHhyTzzQRcyIgH+4y7g="></latexit>

p-Wasserstein distance

<latexit sha1_base64="IdtFmMXCXI8wXPCT2xMOX6NYnXU="></latexit>

p-Wasserstein barycenter

Averaging Probability Distributions          .
<latexit sha1_base64="joBYTjyJIlgmzgFrgV3J460uAtc="></latexit>

P(Rd)



2-Wasserstein Barycenters1)

1) Solomon et al., ACM Trans. Graph., 2015.

<latexit sha1_base64="0NjRQQi1TFuYFTK/XkIulcxbTbc="></latexit>

P2 ⇠ uniform
on cow

<latexit sha1_base64="FQXOHhEorlsz9OIt09H6N6ffZ8s="></latexit>

P2 ⇠ uniform
on duck

<latexit sha1_base64="z8ZSFm3Bo7FigI8+2eDY6130acI="></latexit>

P1 ⇠ uniform
on donut



Source distributions:                           ,

Aggregating Distributions

<latexit sha1_base64="y1BSeaJz9ZAlu3cFTFRqma3NMzs="></latexit>

KX

k=1

λk = 1
<latexit sha1_base64="L031Hlza8p0HKkZx1oNkFcpsNt4="></latexit>

λk � 0, k 2 [K],
<latexit sha1_base64="wWUeyTZF8yFV7g9S2LfbCgbDx/c="></latexit>

Pk ⇠ N (μk,σ
2)



Source distributions:                           ,

Aggregating Distributions

<latexit sha1_base64="y1BSeaJz9ZAlu3cFTFRqma3NMzs="></latexit>

KX

k=1

λk = 1
<latexit sha1_base64="L031Hlza8p0HKkZx1oNkFcpsNt4="></latexit>

λk � 0, k 2 [K],
<latexit sha1_base64="wWUeyTZF8yFV7g9S2LfbCgbDx/c="></latexit>

Pk ⇠ N (μk,σ
2)

Shape

Mean

Variance

<latexit sha1_base64="8DIQ1k3q/2ZD2z8hVmtzFrXj7yY="></latexit>

P = 2-Wasserstein barycenter
<latexit sha1_base64="pbRUxaFU8XXepX5BRK9BcwYnE4M="></latexit>

P =
PK

k=1 λk · Pk



Source distributions:                           ,

Aggregating Distributions

<latexit sha1_base64="y1BSeaJz9ZAlu3cFTFRqma3NMzs="></latexit>

KX

k=1

λk = 1
<latexit sha1_base64="L031Hlza8p0HKkZx1oNkFcpsNt4="></latexit>

λk � 0, k 2 [K],
<latexit sha1_base64="wWUeyTZF8yFV7g9S2LfbCgbDx/c="></latexit>

Pk ⇠ N (μk,σ
2)

Shape mutimodal normal

Mean

Variance

<latexit sha1_base64="8DIQ1k3q/2ZD2z8hVmtzFrXj7yY="></latexit>

P = 2-Wasserstein barycenter
<latexit sha1_base64="pbRUxaFU8XXepX5BRK9BcwYnE4M="></latexit>

P =
PK

k=1 λk · Pk



Source distributions:                           ,

Aggregating Distributions

<latexit sha1_base64="y1BSeaJz9ZAlu3cFTFRqma3NMzs="></latexit>

KX

k=1

λk = 1
<latexit sha1_base64="L031Hlza8p0HKkZx1oNkFcpsNt4="></latexit>

λk � 0, k 2 [K],
<latexit sha1_base64="wWUeyTZF8yFV7g9S2LfbCgbDx/c="></latexit>

Pk ⇠ N (μk,σ
2)

Shape mutimodal normal

Mean

Variance

<latexit sha1_base64="8DIQ1k3q/2ZD2z8hVmtzFrXj7yY="></latexit>

P = 2-Wasserstein barycenter
<latexit sha1_base64="pbRUxaFU8XXepX5BRK9BcwYnE4M="></latexit>

P =
PK

k=1 λk · Pk

<latexit sha1_base64="nWvPq4S4nlKMDj3GwoHTdqwhoGI="></latexit>

μ =
PK

k=1 λk · μk
<latexit sha1_base64="nWvPq4S4nlKMDj3GwoHTdqwhoGI="></latexit>

μ =
PK

k=1 λk · μk



Source distributions:                           ,

Aggregating Distributions

<latexit sha1_base64="y1BSeaJz9ZAlu3cFTFRqma3NMzs="></latexit>

KX

k=1

λk = 1
<latexit sha1_base64="L031Hlza8p0HKkZx1oNkFcpsNt4="></latexit>

λk � 0, k 2 [K],
<latexit sha1_base64="wWUeyTZF8yFV7g9S2LfbCgbDx/c="></latexit>

Pk ⇠ N (μk,σ
2)

Shape mutimodal normal

Mean

Variance

<latexit sha1_base64="8DIQ1k3q/2ZD2z8hVmtzFrXj7yY="></latexit>

P = 2-Wasserstein barycenter
<latexit sha1_base64="pbRUxaFU8XXepX5BRK9BcwYnE4M="></latexit>

P =
PK

k=1 λk · Pk

<latexit sha1_base64="nWvPq4S4nlKMDj3GwoHTdqwhoGI="></latexit>

μ =
PK

k=1 λk · μk
<latexit sha1_base64="nWvPq4S4nlKMDj3GwoHTdqwhoGI="></latexit>

μ =
PK

k=1 λk · μk
<latexit sha1_base64="FeEClvAkoyg7sT6yw967NZdwD3c="></latexit>

σ2 +
PK

k=1 λk(μk)
2 � (

PK
k=1 λkμk)

2
<latexit sha1_base64="ikqOt8Vbr8Hsl1THR6nMUMqZ80I="></latexit>

σ2



Aggregating Distributions

<latexit sha1_base64="1LtordiKmxAk4hf2S1V6rCRb3dk="></latexit>

ξ

<latexit sha1_base64="xeJz0yJEoDCLJLAEq7Q3+J+okFQ="></latexit>

P1

<latexit sha1_base64="mB0/ycEv3poeTFWqiH1BpD+l6go="></latexit>

P2

de
ns

ity

Mixture 2-Wasserstein barycenter



Wasserstein Barycenters - Challenges

2-Wasserstein barycenters: Sensitive to perturbations.1)

1) Zhuang, Chen &  Yang, NeurIPS., 2022.



<latexit sha1_base64="VRQcyNIihPS/e2WAnX3TR897SNU="></latexit>

Theorem: Set P? to the 2-Wasserstein barycenter of P1, . . . ,PK, and set bP to
the 2-Wasserstein barycenter of bP1, . . . , bPK. Then, we have

E[bP-VAR(ξ)] < P?-VAR(ξ).

Wasserstein Barycenters - Challenges

2-Wasserstein barycenters: Sensitive to perturbations.1)

1) Zhuang, Chen &  Yang, NeurIPS., 2022.



<latexit sha1_base64="VRQcyNIihPS/e2WAnX3TR897SNU="></latexit>

Theorem: Set P? to the 2-Wasserstein barycenter of P1, . . . ,PK, and set bP to
the 2-Wasserstein barycenter of bP1, . . . , bPK. Then, we have

E[bP-VAR(ξ)] < P?-VAR(ξ).

trace of the covariance matrix

Wasserstein Barycenters - Challenges

2-Wasserstein barycenters: Sensitive to perturbations.1)

1) Zhuang, Chen &  Yang, NeurIPS., 2022.



<latexit sha1_base64="VRQcyNIihPS/e2WAnX3TR897SNU="></latexit>

Theorem: Set P? to the 2-Wasserstein barycenter of P1, . . . ,PK, and set bP to
the 2-Wasserstein barycenter of bP1, . . . , bPK. Then, we have

E[bP-VAR(ξ)] < P?-VAR(ξ).

Wasserstein Barycenters - Challenges

w.r.t. all training samples

2-Wasserstein barycenters: Sensitive to perturbations.1)

1) Zhuang, Chen &  Yang, NeurIPS., 2022.



<latexit sha1_base64="VRQcyNIihPS/e2WAnX3TR897SNU="></latexit>

Theorem: Set P? to the 2-Wasserstein barycenter of P1, . . . ,PK, and set bP to
the 2-Wasserstein barycenter of bP1, . . . , bPK. Then, we have

E[bP-VAR(ξ)] < P?-VAR(ξ).

Wasserstein Barycenters - Challenges

2-Wasserstein barycenters: Sensitive to perturbations.1)

1-Wasserstein barycenters:

<latexit sha1_base64="yZXYL6MZbgEP3CoSKEmN2WL5bHQ="></latexit>

Theorem: A 1-Wasserstein barycenter of P1 and P2 with weights λ1 and λ2 is
given by P1 if λ1 � λ2 and by P2 if λ1  λ2.

1) Zhuang, Chen &  Yang, NeurIPS., 2022.



DRO model:

Decision-Making with Multiple Data Sources

<latexit sha1_base64="mPjrWaR00DdtxxbfvBiITOh10n0="></latexit>

min
θ2Θ

sup
P2Bϵ(bP)

EP [`(θ, ξ)]

Possible choices for    :
<latexit sha1_base64="Nr9SnuiYSo6eQJSpnnyF4km8Pf8="></latexit>

bP

empirical distribution on target data 
empirical distribution on source data 
empirical distribution on pooled data 
barycenter of empirical source distributions1)

1) Lau & Liu, arXiv, 2022.

high variance 
high bias 
high bias / misses stylized features 
sensitive to perturbations / biased<latexit sha1_base64="qFlzHyaEICSdE2KKr0gPVRMJAGU="></latexit>

=)

<latexit sha1_base64="qFlzHyaEICSdE2KKr0gPVRMJAGU="></latexit>

=)

<latexit sha1_base64="qFlzHyaEICSdE2KKr0gPVRMJAGU="></latexit>

=)

<latexit sha1_base64="qFlzHyaEICSdE2KKr0gPVRMJAGU="></latexit>

=)



Multi-Source DRO



Multi-Source DRO

<latexit sha1_base64="g7E3btdi7ptsoPWG39sROevmMnI="></latexit>

min
θ2Θ

sup
P2TK

k=1 Bϵk (
bPk)

EP [`(θ, ξ)]

<latexit sha1_base64="+866y8GbqxIlVRnXvNzaIocgJ+E="></latexit>

K\

k=1

Bϵk(bPk)

<latexit sha1_base64="KiegOGzszZPl6njhuoaZ55OO83U="></latexit>

bP1

<latexit sha1_base64="GHPVzG7oJvRaH8kOJI72eXkD3AQ="></latexit>

bP2

<latexit sha1_base64="vkMx29ypRAKzTTiCl12SaY3Rz7A="></latexit>

bP3

<latexit sha1_base64="rfhns1+JrQ8t58vLC0itqQcUSBM="></latexit>ϵ1

<latexit sha1_base64="SGTBpMuQwmnMism2UipIu7H+sDI="></latexit>ϵ2

<latexit sha1_base64="tEYO8ygnrGFO4j30Ugq5kJBI40s="></latexit>ϵ3



Multi-Source DRO

<latexit sha1_base64="g7E3btdi7ptsoPWG39sROevmMnI="></latexit>

min
θ2Θ

sup
P2TK

k=1 Bϵk (
bPk)

EP [`(θ, ξ)]

<latexit sha1_base64="+866y8GbqxIlVRnXvNzaIocgJ+E="></latexit>

K\

k=1

Bϵk(bPk)

<latexit sha1_base64="KiegOGzszZPl6njhuoaZ55OO83U="></latexit>

bP1

<latexit sha1_base64="GHPVzG7oJvRaH8kOJI72eXkD3AQ="></latexit>

bP2

<latexit sha1_base64="vkMx29ypRAKzTTiCl12SaY3Rz7A="></latexit>

bP3

<latexit sha1_base64="rfhns1+JrQ8t58vLC0itqQcUSBM="></latexit>ϵ1

<latexit sha1_base64="SGTBpMuQwmnMism2UipIu7H+sDI="></latexit>ϵ2

<latexit sha1_base64="tEYO8ygnrGFO4j30Ugq5kJBI40s="></latexit>ϵ3

1) Taskesen, Yue, Blanchet, Kuhn & Nguyen, ICML, 2021. 
2) Awasthi, Jung & Morgenstern, arXiv, 2022; Selvi et al., arXiv, 2024. 
3) Tanoumand, Bodur & Naoum-Sawaya, Optimization Online, 2023. 

Special cases (all for           ): 
Linear regression 1) 

Logistic regression 2) 

Intersection of a Wasserstein ball and 
a GoF-based ambiguity set 3)

<latexit sha1_base64="0hAEbF8njeDFfHXo/ZxX1drvA+g="></latexit>

K = 2



Nature’s Subproblem

<latexit sha1_base64="JXtp6hQqUvyrebWdTuXzJDVJCtk="></latexit>

sup
P2TK

k=1 Bϵk (
bPk)

EP [`(ξ)]



Nature’s Subproblem

<latexit sha1_base64="KqpIcxkn6BiC1Ietb44wFiCkWL8="></latexit>

sup EP[`(ξ)]

s.t. P 2 P(Rd)

C(P, bPk)  ϵk 8k 2 [K]



Nature’s Subproblem

<latexit sha1_base64="KqpIcxkn6BiC1Ietb44wFiCkWL8="></latexit>

sup EP[`(ξ)]

s.t. P 2 P(Rd)

C(P, bPk)  ϵk 8k 2 [K]

OT discrepancy:

<latexit sha1_base64="DSTDXBoaD1IQGteSYq9gsWE0qsQ="></latexit>

bPk

<latexit sha1_base64="GrLaMHlVN8jGC0R+ZyK3i6Fnp9I="></latexit>

P

<latexit sha1_base64="XjW/330ALiMq+hpJgMhfTfoZUeY="></latexit>

bξk

<latexit sha1_base64="sO6kwpiK5EtlXo1jAgUTjx2ceow="></latexit>

ξ

<latexit sha1_base64="bV6YjSJCud+DKhlkYAEEtCqwwxo="></latexit>π

<latexit sha1_base64="EfJcxLk1FJdn5EUD7hTlUZnRdtw="></latexit>

C(P, bPk) = min
πk2Π(P,bPk)

Z

Rd⇥Rd
c(ξ,bξk) dπk(ξ,bξk)

<latexit sha1_base64="EfJcxLk1FJdn5EUD7hTlUZnRdtw="></latexit>

C(P, bPk) = min
πk2Π(P,bPk)

Z

Rd⇥Rd
c(ξ,bξk) dπk(ξ,bξk)



<latexit sha1_base64="m51IdLTmol48fGHxtobsT0hI1zQ="></latexit>

sup
Z

Rd
`(ξ) dP(ξ)

s.t. P 2 P(Rd), πk 2 Π(P, bPk) 8k 2 [K]Z

Rd⇥Rd
c(ξ,bξk) dπk(ξ,bξk)  ϵk 8k 2 [K]

Nature’s Subproblem

<latexit sha1_base64="EfJcxLk1FJdn5EUD7hTlUZnRdtw="></latexit>

C(P, bPk) = min
πk2Π(P,bPk)

Z

Rd⇥Rd
c(ξ,bξk) dπk(ξ,bξk)



Nature’s SubproblemNature’s Subproblem

<latexit sha1_base64="avynzw3Ee8lo0vJrvuVJNtT6yP4="></latexit>

ξ
<latexit sha1_base64="vrALdGUMHwfZyBEUKvx/J/VMgZk="></latexit>

bξ1
<latexit sha1_base64="YOg/50Ed+nimPqytpUqgsbWi6d0="></latexit>π1

<latexit sha1_base64="m51IdLTmol48fGHxtobsT0hI1zQ="></latexit>

sup
Z

Rd
`(ξ) dP(ξ)

s.t. P 2 P(Rd), πk 2 Π(P, bPk) 8k 2 [K]Z

Rd⇥Rd
c(ξ,bξk) dπk(ξ,bξk)  ϵk 8k 2 [K]



Nature’s SubproblemNature’s Subproblem

<latexit sha1_base64="avynzw3Ee8lo0vJrvuVJNtT6yP4="></latexit>

ξ
<latexit sha1_base64="vrALdGUMHwfZyBEUKvx/J/VMgZk="></latexit>

bξ1

<latexit sha1_base64="HNxFHEc8DoPt2svMJ/TqPhGVsf0="></latexit>

bξ2
<latexit sha1_base64="YOg/50Ed+nimPqytpUqgsbWi6d0="></latexit>π1

<latexit sha1_base64="wbCItcGe9XL9VLdGfhuA58J9d0A="></latexit>π2

<latexit sha1_base64="m51IdLTmol48fGHxtobsT0hI1zQ="></latexit>

sup
Z

Rd
`(ξ) dP(ξ)

s.t. P 2 P(Rd), πk 2 Π(P, bPk) 8k 2 [K]Z

Rd⇥Rd
c(ξ,bξk) dπk(ξ,bξk)  ϵk 8k 2 [K]



Nature’s SubproblemNature’s Subproblem

<latexit sha1_base64="avynzw3Ee8lo0vJrvuVJNtT6yP4="></latexit>

ξ
<latexit sha1_base64="vrALdGUMHwfZyBEUKvx/J/VMgZk="></latexit>

bξ1

<latexit sha1_base64="HNxFHEc8DoPt2svMJ/TqPhGVsf0="></latexit>

bξ2

<latexit sha1_base64="6JfDPDD/01p8X6aMX4UKRthuSV4="></latexit>

bξ3

<latexit sha1_base64="YOg/50Ed+nimPqytpUqgsbWi6d0="></latexit>π1

<latexit sha1_base64="wbCItcGe9XL9VLdGfhuA58J9d0A="></latexit>π2

<latexit sha1_base64="r89hgIk2aRosMEydf0SZdxG0RzU="></latexit>π3
<latexit sha1_base64="m51IdLTmol48fGHxtobsT0hI1zQ="></latexit>

sup
Z

Rd
`(ξ) dP(ξ)

s.t. P 2 P(Rd), πk 2 Π(P, bPk) 8k 2 [K]Z

Rd⇥Rd
c(ξ,bξk) dπk(ξ,bξk)  ϵk 8k 2 [K]



Nature’s SubproblemNature’s Subproblem

<latexit sha1_base64="avynzw3Ee8lo0vJrvuVJNtT6yP4="></latexit>

ξ
<latexit sha1_base64="vrALdGUMHwfZyBEUKvx/J/VMgZk="></latexit>

bξ1

<latexit sha1_base64="HNxFHEc8DoPt2svMJ/TqPhGVsf0="></latexit>

bξ2

<latexit sha1_base64="6JfDPDD/01p8X6aMX4UKRthuSV4="></latexit>

bξ3

<latexit sha1_base64="YOg/50Ed+nimPqytpUqgsbWi6d0="></latexit>π1

<latexit sha1_base64="wbCItcGe9XL9VLdGfhuA58J9d0A="></latexit>π2

<latexit sha1_base64="r89hgIk2aRosMEydf0SZdxG0RzU="></latexit>π3
<latexit sha1_base64="BQH54Kpv36jr7a4+4tf0lKqqQJk="></latexit>

bξ4

<latexit sha1_base64="lAHqx1SGwQXvuI0yWRvqGIoJRls="></latexit>π4

<latexit sha1_base64="zqEmbuJXgSG0jIsT5nLhP1Pwv/w="></latexit>

bξK
<latexit sha1_base64="AWTXyAisGmtdlJWb/WYf8bly8oE="></latexit>πK

<latexit sha1_base64="RQzlltrIayfDKTDMK/BhV9q6yQQ="></latexit>π5
<latexit sha1_base64="Jp3X5jeHn80cuXqaGE8HDZE+TMI="></latexit>

bξ5

<latexit sha1_base64="mTEHA/dJF+cJ5UNqb4CLkDmu6C8="></latexit>π6

<latexit sha1_base64="eqG/2/O3n2VT1PqslRMgt2BeCrE="></latexit>

bξ6
<latexit sha1_base64="WdXS9473dPf1P2cOBLzSjOPPrjg="></latexit>· · ·

<latexit sha1_base64="WdXS9473dPf1P2cOBLzSjOPPrjg="></latexit>· · ·

<latexit sha1_base64="m51IdLTmol48fGHxtobsT0hI1zQ="></latexit>

sup
Z

Rd
`(ξ) dP(ξ)

s.t. P 2 P(Rd), πk 2 Π(P, bPk) 8k 2 [K]Z

Rd⇥Rd
c(ξ,bξk) dπk(ξ,bξk)  ϵk 8k 2 [K]



Nature’s Subproblem

1) Villani, Springer, 2009.

Nature’s Subproblem

<latexit sha1_base64="avynzw3Ee8lo0vJrvuVJNtT6yP4="></latexit>

ξ
<latexit sha1_base64="vrALdGUMHwfZyBEUKvx/J/VMgZk="></latexit>

bξ1

<latexit sha1_base64="HNxFHEc8DoPt2svMJ/TqPhGVsf0="></latexit>

bξ2

<latexit sha1_base64="6JfDPDD/01p8X6aMX4UKRthuSV4="></latexit>

bξ3

<latexit sha1_base64="zqEmbuJXgSG0jIsT5nLhP1Pwv/w="></latexit>

bξK

<latexit sha1_base64="YOg/50Ed+nimPqytpUqgsbWi6d0="></latexit>π1

<latexit sha1_base64="wbCItcGe9XL9VLdGfhuA58J9d0A="></latexit>π2

<latexit sha1_base64="r89hgIk2aRosMEydf0SZdxG0RzU="></latexit>π3
<latexit sha1_base64="BQH54Kpv36jr7a4+4tf0lKqqQJk="></latexit>

bξ4

<latexit sha1_base64="lAHqx1SGwQXvuI0yWRvqGIoJRls="></latexit>π4

<latexit sha1_base64="AWTXyAisGmtdlJWb/WYf8bly8oE="></latexit>πK

<latexit sha1_base64="FOKt0jjzuBVzWV1as24zg9l+GiU="></latexit>π

<latexit sha1_base64="RQzlltrIayfDKTDMK/BhV9q6yQQ="></latexit>π5
<latexit sha1_base64="Jp3X5jeHn80cuXqaGE8HDZE+TMI="></latexit>

bξ5

<latexit sha1_base64="mTEHA/dJF+cJ5UNqb4CLkDmu6C8="></latexit>π6

<latexit sha1_base64="eqG/2/O3n2VT1PqslRMgt2BeCrE="></latexit>

bξ6
<latexit sha1_base64="WdXS9473dPf1P2cOBLzSjOPPrjg="></latexit>· · ·

<latexit sha1_base64="WdXS9473dPf1P2cOBLzSjOPPrjg="></latexit>· · ·

Gluing lemma:1)

<latexit sha1_base64="m51IdLTmol48fGHxtobsT0hI1zQ="></latexit>

sup
Z

Rd
`(ξ) dP(ξ)

s.t. P 2 P(Rd), πk 2 Π(P, bPk) 8k 2 [K]Z

Rd⇥Rd
c(ξ,bξk) dπk(ξ,bξk)  ϵk 8k 2 [K]



Nature’s Subproblem

<latexit sha1_base64="avynzw3Ee8lo0vJrvuVJNtT6yP4="></latexit>

ξ
<latexit sha1_base64="vrALdGUMHwfZyBEUKvx/J/VMgZk="></latexit>

bξ1

<latexit sha1_base64="HNxFHEc8DoPt2svMJ/TqPhGVsf0="></latexit>

bξ2

<latexit sha1_base64="6JfDPDD/01p8X6aMX4UKRthuSV4="></latexit>

bξ3

<latexit sha1_base64="zqEmbuJXgSG0jIsT5nLhP1Pwv/w="></latexit>

bξK

<latexit sha1_base64="BQH54Kpv36jr7a4+4tf0lKqqQJk="></latexit>

bξ4
<latexit sha1_base64="YOg/50Ed+nimPqytpUqgsbWi6d0="></latexit>π1

<latexit sha1_base64="wbCItcGe9XL9VLdGfhuA58J9d0A="></latexit>π2

<latexit sha1_base64="r89hgIk2aRosMEydf0SZdxG0RzU="></latexit>π3
<latexit sha1_base64="lAHqx1SGwQXvuI0yWRvqGIoJRls="></latexit>π4

<latexit sha1_base64="AWTXyAisGmtdlJWb/WYf8bly8oE="></latexit>πK

<latexit sha1_base64="RQzlltrIayfDKTDMK/BhV9q6yQQ="></latexit>π5

<latexit sha1_base64="mTEHA/dJF+cJ5UNqb4CLkDmu6C8="></latexit>π6

<latexit sha1_base64="Jp3X5jeHn80cuXqaGE8HDZE+TMI="></latexit>

bξ5
<latexit sha1_base64="eqG/2/O3n2VT1PqslRMgt2BeCrE="></latexit>

bξ6
<latexit sha1_base64="WdXS9473dPf1P2cOBLzSjOPPrjg="></latexit>· · ·

<latexit sha1_base64="WdXS9473dPf1P2cOBLzSjOPPrjg="></latexit>· · ·

1) Villani, Springer, 2009.

<latexit sha1_base64="H88qRTc8kwX+L2fpgFh50lswgBc="></latexit>

Π(P, bP1 . . . , bPK) =
(
π 2 P(RK+1) :

ξ,bξ1 . . . ,bξK have marginals
P, bP1 . . . , bPK under π, resp.

)
Multi-margin transportation plans:<latexit sha1_base64="FOKt0jjzuBVzWV1as24zg9l+GiU="></latexit>π

Gluing lemma:1)

<latexit sha1_base64="m51IdLTmol48fGHxtobsT0hI1zQ="></latexit>

sup
Z

Rd
`(ξ) dP(ξ)

s.t. P 2 P(Rd), πk 2 Π(P, bPk) 8k 2 [K]Z

Rd⇥Rd
c(ξ,bξk) dπk(ξ,bξk)  ϵk 8k 2 [K]



Nature’s Subproblem

<latexit sha1_base64="avynzw3Ee8lo0vJrvuVJNtT6yP4="></latexit>

ξ
<latexit sha1_base64="vrALdGUMHwfZyBEUKvx/J/VMgZk="></latexit>

bξ1

<latexit sha1_base64="HNxFHEc8DoPt2svMJ/TqPhGVsf0="></latexit>

bξ2

<latexit sha1_base64="6JfDPDD/01p8X6aMX4UKRthuSV4="></latexit>

bξ3

<latexit sha1_base64="zqEmbuJXgSG0jIsT5nLhP1Pwv/w="></latexit>

bξK

<latexit sha1_base64="BQH54Kpv36jr7a4+4tf0lKqqQJk="></latexit>

bξ4
<latexit sha1_base64="YOg/50Ed+nimPqytpUqgsbWi6d0="></latexit>π1

<latexit sha1_base64="wbCItcGe9XL9VLdGfhuA58J9d0A="></latexit>π2

<latexit sha1_base64="r89hgIk2aRosMEydf0SZdxG0RzU="></latexit>π3
<latexit sha1_base64="lAHqx1SGwQXvuI0yWRvqGIoJRls="></latexit>π4

<latexit sha1_base64="AWTXyAisGmtdlJWb/WYf8bly8oE="></latexit>πK

<latexit sha1_base64="RQzlltrIayfDKTDMK/BhV9q6yQQ="></latexit>π5

<latexit sha1_base64="mTEHA/dJF+cJ5UNqb4CLkDmu6C8="></latexit>π6

<latexit sha1_base64="Jp3X5jeHn80cuXqaGE8HDZE+TMI="></latexit>

bξ5
<latexit sha1_base64="eqG/2/O3n2VT1PqslRMgt2BeCrE="></latexit>

bξ6
<latexit sha1_base64="WdXS9473dPf1P2cOBLzSjOPPrjg="></latexit>· · ·

<latexit sha1_base64="WdXS9473dPf1P2cOBLzSjOPPrjg="></latexit>· · ·

1) Villani, Springer, 2009.

<latexit sha1_base64="H88qRTc8kwX+L2fpgFh50lswgBc="></latexit>

Π(P, bP1 . . . , bPK) =
(
π 2 P(RK+1) :

ξ,bξ1 . . . ,bξK have marginals
P, bP1 . . . , bPK under π, resp.

)
Multi-margin transportation plans:<latexit sha1_base64="FOKt0jjzuBVzWV1as24zg9l+GiU="></latexit>π

Gluing lemma:1)

<latexit sha1_base64="epqju9hU9UzN6JIntS/BtBkqGn0="></latexit>

sup
Z

Rd
`(ξ) dP(ξ)

s.t. P 2 P(Rd), π 2 Π(P, bP1, . . . , bPK)Z

(Rd)K+1
c(ξ,bξk) dπ(ξ,bξ1, . . . ,bξK)  ϵk 8k 2 [K]



Multi-Margin Transportation Plans 

<latexit sha1_base64="bV6YjSJCud+DKhlkYAEEtCqwwxo="></latexit>π

�

Mixture Distribution of Truncated Normal Distributions in 3D
Truncated Normal Distribution: i=2, j=2

Truncated Normal Distribution: i=2, j=1

Truncated Normal Distribution: i=2, j=0

Truncated Normal Distribution: i=1, j=0

Truncated Normal Distribution: i=1, j=1

Truncated Normal Distribution: i=1, j=2

Truncated Normal Distribution: i=0, j=0

Truncated Normal Distribution: i=0, j=1

Truncated Normal Distribution: i=0, j=2

<latexit sha1_base64="QlJqQK9JRuIh/MgXSbToilnNnI0="></latexit>

P

<latexit sha1_base64="oydGaE+CT3y/+cO78wMY+vzu/mQ="></latexit>

bP1

<latexit sha1_base64="Kq2TU6tUdLkBbkirBZ3nRg4vNco="></latexit>

bP2

<latexit sha1_base64="PU0vpn8MsG2hiI7NhfEExsOUzf0="></latexit>

ξ

�

� <latexit sha1_base64="8hpUQY8cTHW6svVpWUm9HsicT6M="></latexit>

bξ1

<latexit sha1_base64="qdwSMwaSrs9r6Ut+AApaLOHJPts="></latexit>

bξ2



Multi-Margin Transportation Plans 

Mixture Distribution of Truncated Normal Distributions in 3D
Truncated Normal Distribution: i=2, j=2

Truncated Normal Distribution: i=2, j=1

Truncated Normal Distribution: i=2, j=0

Truncated Normal Distribution: i=1, j=0

Truncated Normal Distribution: i=1, j=1

Truncated Normal Distribution: i=1, j=2

Truncated Normal Distribution: i=0, j=0

Truncated Normal Distribution: i=0, j=1

Truncated Normal Distribution: i=0, j=2

<latexit sha1_base64="QlJqQK9JRuIh/MgXSbToilnNnI0="></latexit>

P

<latexit sha1_base64="oydGaE+CT3y/+cO78wMY+vzu/mQ="></latexit>

bP1

<latexit sha1_base64="Kq2TU6tUdLkBbkirBZ3nRg4vNco="></latexit>

bP2

<latexit sha1_base64="PU0vpn8MsG2hiI7NhfEExsOUzf0="></latexit>

ξ

�

� <latexit sha1_base64="8hpUQY8cTHW6svVpWUm9HsicT6M="></latexit>

bξ1

<latexit sha1_base64="qdwSMwaSrs9r6Ut+AApaLOHJPts="></latexit>

bξ2

<latexit sha1_base64="xeGmxPoMhmpVd7ojPr7kx8VBtlk="></latexit>

bξ1,1
<latexit sha1_base64="wMNwwforpBgycLINFk0T209x38Q="></latexit>

bξ1,2
<latexit sha1_base64="9LiUAH6T1K+3zc1kb+E9hL7GMR0="></latexit>

bξ1,3

<latexit sha1_base64="BqCWl9thZ25H3GZVXEk8HmW8h60="></latexit>

bξ2,3

<latexit sha1_base64="3AbnX30eS4zaBU6wdtytpRDif8I="></latexit>

bξ2,1

<latexit sha1_base64="aI+mTo39Wt4BB5D5A9WUC3TaeLg="></latexit>

bξ2,2 <latexit sha1_base64="bV6YjSJCud+DKhlkYAEEtCqwwxo="></latexit>π

�



Multi-Margin Transportation Plans 

Mixture Distribution of Truncated Normal Distributions in 3D
Truncated Normal Distribution: i=2, j=2

Truncated Normal Distribution: i=2, j=1

Truncated Normal Distribution: i=2, j=0

Truncated Normal Distribution: i=1, j=0

Truncated Normal Distribution: i=1, j=1

Truncated Normal Distribution: i=1, j=2

Truncated Normal Distribution: i=0, j=0

Truncated Normal Distribution: i=0, j=1

Truncated Normal Distribution: i=0, j=2

<latexit sha1_base64="QlJqQK9JRuIh/MgXSbToilnNnI0="></latexit>

P

<latexit sha1_base64="oydGaE+CT3y/+cO78wMY+vzu/mQ="></latexit>

bP1

<latexit sha1_base64="Kq2TU6tUdLkBbkirBZ3nRg4vNco="></latexit>

bP2

<latexit sha1_base64="PU0vpn8MsG2hiI7NhfEExsOUzf0="></latexit>

ξ

�

� <latexit sha1_base64="8hpUQY8cTHW6svVpWUm9HsicT6M="></latexit>

bξ1

<latexit sha1_base64="qdwSMwaSrs9r6Ut+AApaLOHJPts="></latexit>

bξ2

<latexit sha1_base64="xeGmxPoMhmpVd7ojPr7kx8VBtlk="></latexit>

bξ1,1
<latexit sha1_base64="wMNwwforpBgycLINFk0T209x38Q="></latexit>

bξ1,2
<latexit sha1_base64="9LiUAH6T1K+3zc1kb+E9hL7GMR0="></latexit>

bξ1,3

<latexit sha1_base64="BqCWl9thZ25H3GZVXEk8HmW8h60="></latexit>

bξ2,3

<latexit sha1_base64="3AbnX30eS4zaBU6wdtytpRDif8I="></latexit>

bξ2,1

<latexit sha1_base64="aI+mTo39Wt4BB5D5A9WUC3TaeLg="></latexit>

bξ2,2

<latexit sha1_base64="mVwe8aP1/yBPQ1i+gYxDtPvJeh8="></latexit>ν2,3

v

v

�
<latexit sha1_base64="jStMNZuwQSyp3Lst07geVTpERxM="></latexit>

π =
X

α2A
να ⌦ δα



<latexit sha1_base64="UpmOZ/m7CRrfcIoRyKsaO1nANfI="></latexit>

sup
X

α2A

Z

Rd
`(ξ) dνα(ξ)

s.t. να 2 M+(Rd) 8α 2 A
X

α2A:
αk=j

Z

Rd
dνα(ξ) =

1
Nk

8j 2 [Nk], 8k 2 [K]

X

α2A

Z

Rd
c(ξ,bξk,αk

) dνα(ξ)  ϵk 8k 2 [K],

Nature’s Subproblem



<latexit sha1_base64="UpmOZ/m7CRrfcIoRyKsaO1nANfI="></latexit>

sup
X

α2A

Z

Rd
`(ξ) dνα(ξ)

s.t. να 2 M+(Rd) 8α 2 A
X

α2A:
αk=j

Z

Rd
dνα(ξ) =

1
Nk

8j 2 [Nk], 8k 2 [K]

X

α2A

Z

Rd
c(ξ,bξk,αk

) dνα(ξ)  ϵk 8k 2 [K],

Nature’s Subproblem

<latexit sha1_base64="0FlyNjq81XWhmO+GJ2rBGHqDVWQ="></latexit>

semi-infinite LP

�



Nature’s Dual Subproblem
<latexit sha1_base64="5Tu1WfdbvgvKRw9M33LbjG8zFnw="></latexit>

inf
K∑

k=1

ϵkλk +
K∑

k=1

1
Nk

Nk∑

j=1

γk,j

s.t. λk ∈ R+, γk ∈ RNk ∀k ∈ [K]

ℓ(ξ)−
K∑

k=1

(
λkc(ξ, ξ̂k,αk

) + γk,αk

)
≤ 0 ∀ξ ∈ Rd, ∀α ∈ A



Nature’s Dual Subproblem

<latexit sha1_base64="+SZxzu2d17+RE7QMbdjaPyLKyyQ="></latexit>

Theorem: If c(·,bξk,αk) is convex and `(·) is piecewise concave, then nature’s
subproblem becomes a convex program with O(NK) variables and constraints.

<latexit sha1_base64="5Tu1WfdbvgvKRw9M33LbjG8zFnw="></latexit>

inf
K∑

k=1

ϵkλk +
K∑

k=1

1
Nk

Nk∑

j=1

γk,j

s.t. λk ∈ R+, γk ∈ RNk ∀k ∈ [K]

ℓ(ξ)−
K∑

k=1

(
λkc(ξ, ξ̂k,αk

) + γk,αk

)
≤ 0 ∀ξ ∈ Rd, ∀α ∈ A



Nature’s Dual Subproblem

<latexit sha1_base64="+SZxzu2d17+RE7QMbdjaPyLKyyQ="></latexit>

Theorem: If c(·,bξk,αk) is convex and `(·) is piecewise concave, then nature’s
subproblem becomes a convex program with O(NK) variables and constraints.

Proof: Standard duality tricks from convex analysis.1)

1) Ben-Tal, Den Hertog & Vial, Math. Program., 2015; Zhen, Kuhn & Wiesemann, Oper. Res., 2023.

<latexit sha1_base64="5Tu1WfdbvgvKRw9M33LbjG8zFnw="></latexit>

inf
K∑

k=1

ϵkλk +
K∑

k=1

1
Nk

Nk∑

j=1

γk,j

s.t. λk ∈ R+, γk ∈ RNk ∀k ∈ [K]

ℓ(ξ)−
K∑

k=1

(
λkc(ξ, ξ̂k,αk

) + γk,αk

)
≤ 0 ∀ξ ∈ Rd, ∀α ∈ A



Nature’s Dual Subproblem

<latexit sha1_base64="PpIHoFksusly7Njw4EOzKJT35cM="></latexit>

Theorem: The problem is NP-hard even if c(ξ,bξk,αk
) = kξ�bξk,αk

k22 and `(ξ) = 0.

<latexit sha1_base64="5Tu1WfdbvgvKRw9M33LbjG8zFnw="></latexit>

inf
K∑

k=1

ϵkλk +
K∑

k=1

1
Nk

Nk∑

j=1

γk,j

s.t. λk ∈ R+, γk ∈ RNk ∀k ∈ [K]

ℓ(ξ)−
K∑

k=1

(
λkc(ξ, ξ̂k,αk

) + γk,αk

)
≤ 0 ∀ξ ∈ Rd, ∀α ∈ A



Nature’s Dual Subproblem

1) Altschuler & Boix-Adsera, J. Mach. Learning Res., 2021.

<latexit sha1_base64="PpIHoFksusly7Njw4EOzKJT35cM="></latexit>

Theorem: The problem is NP-hard even if c(ξ,bξk,αk
) = kξ�bξk,αk

k22 and `(ξ) = 0.

Proof: Reduction from the NP-hard 2-Wasserstein barycenter problem.1)

<latexit sha1_base64="5Tu1WfdbvgvKRw9M33LbjG8zFnw="></latexit>

inf
K∑

k=1

ϵkλk +
K∑

k=1

1
Nk

Nk∑

j=1

γk,j

s.t. λk ∈ R+, γk ∈ RNk ∀k ∈ [K]

ℓ(ξ)−
K∑

k=1

(
λkc(ξ, ξ̂k,αk

) + γk,αk

)
≤ 0 ∀ξ ∈ Rd, ∀α ∈ A



Worst-Case Distribution

<latexit sha1_base64="3mPXmmYVMJ/6ErAhQ7QQ889bCn0="></latexit>

=) P? can be written in time poly(d,K,N)

<latexit sha1_base64="jH8XCAK3gmoC4HQjWv6i6f6MICE="></latexit>

Theorem: If c(·,bξk,αk) grows faster than `(·), then nature’s subproblem is solved
by a discrete distribution P? with at most 1+ NK atoms.



Constraint Elimination

Robust constraints: 

<latexit sha1_base64="gu048K6E3WF6rLbZ0ZsIoWVfSUw="></latexit>

`(ξ)�
KX

k=1

⇣
λkc(ξ,bξk,αk

) + γk,αk

⌘
 0 8ξ 2 Rd, 8α 2 A



Constraint Elimination

Robust constraints: 

<latexit sha1_base64="vFwgnKjIAAPS4vMuachr121K6/k="></latexit>

max
α2A

`(ξ)�
KX

k=1

⇣
λkc(ξ,bξk,αk

) + γk,αk

⌘
 0 8ξ 2 Rd



Constraint Elimination

Robust constraints: 

<latexit sha1_base64="TeHrw9XtjYETnCdYavGdvq/EJ+s="></latexit>

`(ξ)�
KX

k=1

min
αk2[N]

⇣
λkc(ξ,bξk,αk) + γk,αk

⌘
 0 8ξ 2 Rd



Constraint Elimination

Robust constraints: 

<latexit sha1_base64="MAljwAfmIwS2i6Xd2/+cH4lvPLM="></latexit>

k = 1

<latexit sha1_base64="xeGmxPoMhmpVd7ojPr7kx8VBtlk="></latexit>

bξ1,1

<latexit sha1_base64="wMNwwforpBgycLINFk0T209x38Q="></latexit>

bξ1,2 <latexit sha1_base64="9LiUAH6T1K+3zc1kb+E9hL7GMR0="></latexit>

bξ1,3

<latexit sha1_base64="TOVvBrL11n1XltEeZ2LDKvTT9K0="></latexit>

bξ1,4

<latexit sha1_base64="6sfrhJ9ggJ9KIulXHo3cYfZzw0E="></latexit>

bξ1,5

<latexit sha1_base64="TeHrw9XtjYETnCdYavGdvq/EJ+s="></latexit>

`(ξ)�
KX

k=1

min
αk2[N]

⇣
λkc(ξ,bξk,αk) + γk,αk

⌘
 0 8ξ 2 Rd



Constraint Elimination

Robust constraints: 

<latexit sha1_base64="MAljwAfmIwS2i6Xd2/+cH4lvPLM="></latexit>

k = 1
<latexit sha1_base64="Slbu+eu69xGHMdTA+IheP1TF25g="></latexit>

k = 2
<latexit sha1_base64="ZTib5LyRGfHBKeRl9FBtjAwTDs0="></latexit>

k = 3

<latexit sha1_base64="xeGmxPoMhmpVd7ojPr7kx8VBtlk="></latexit>

bξ1,1

<latexit sha1_base64="wMNwwforpBgycLINFk0T209x38Q="></latexit>

bξ1,2 <latexit sha1_base64="9LiUAH6T1K+3zc1kb+E9hL7GMR0="></latexit>

bξ1,3

<latexit sha1_base64="TOVvBrL11n1XltEeZ2LDKvTT9K0="></latexit>

bξ1,4

<latexit sha1_base64="6sfrhJ9ggJ9KIulXHo3cYfZzw0E="></latexit>

bξ1,5
<latexit sha1_base64="VlSJc7iBj2gjLi/0E9ImNdjuowQ="></latexit>

bξ2,5

<latexit sha1_base64="4MykPs4vXpxYpJVye47q8A2OWSY="></latexit>

bξ2,4

<latexit sha1_base64="BqCWl9thZ25H3GZVXEk8HmW8h60="></latexit>

bξ2,3

<latexit sha1_base64="aI+mTo39Wt4BB5D5A9WUC3TaeLg="></latexit>

bξ2,2<latexit sha1_base64="3AbnX30eS4zaBU6wdtytpRDif8I="></latexit>

bξ2,1

<latexit sha1_base64="lppC3fU30ruQaT83xVwhwRuylCI="></latexit>

bξ3,1 <latexit sha1_base64="1XM9X34xEkESthO4suyhBpLFfnw="></latexit>

bξ3,2<latexit sha1_base64="KFL01wkv1V+PuKVJy0EWljMRCPo="></latexit>

bξ3,3

<latexit sha1_base64="mFPVelHwdu7Tqu+27p082drcxpI="></latexit>

bξ3,4
<latexit sha1_base64="d5zfreo/wHgx+o7tCQQ102KLa/g="></latexit>

bξ3,5

<latexit sha1_base64="TeHrw9XtjYETnCdYavGdvq/EJ+s="></latexit>

`(ξ)�
KX

k=1

min
αk2[N]

⇣
λkc(ξ,bξk,αk) + γk,αk

⌘
 0 8ξ 2 Rd



Constraint Elimination

Robust constraints: 

<latexit sha1_base64="TeHrw9XtjYETnCdYavGdvq/EJ+s="></latexit>

`(ξ)�
KX

k=1

min
αk2[N]

⇣
λkc(ξ,bξk,αk) + γk,αk

⌘
 0 8ξ 2 Rd

<latexit sha1_base64="xeGmxPoMhmpVd7ojPr7kx8VBtlk="></latexit>

bξ1,1

<latexit sha1_base64="wMNwwforpBgycLINFk0T209x38Q="></latexit>

bξ1,2 <latexit sha1_base64="9LiUAH6T1K+3zc1kb+E9hL7GMR0="></latexit>

bξ1,3

<latexit sha1_base64="TOVvBrL11n1XltEeZ2LDKvTT9K0="></latexit>

bξ1,4

<latexit sha1_base64="6sfrhJ9ggJ9KIulXHo3cYfZzw0E="></latexit>

bξ1,5
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Theorem: If standard convexity conditions hold, then the optimal value of na-
ture’s subproblem can be computed to any accuracy δ > 0

• in time poly(N, d, log 1/δ) (with exponential dependence on K) or

• in time poly(N,K, log 1/δ) (with exponential dependence on d).
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Table 2 Out-of-sample performance of optimal portfolios on synthetic data (mean (std. error) over 10 replications)

Single-source DRO Single-source DRO Single-source DRO Single-source DRO Multi-source DRO
on target data on source data on pooled data on barycenter

Sharpe ratio 0.002 (0.017) �0.024 (0.009) �0.021 (0.012) 0.007 (0.014) 0.034 (0.024)
Expected value 0.01 (0.067) �0.097 (0.036) �0.084 (0.047) 0.03 (0.059) 0.143 (0.1)
Standard deviation 4.035 (0.018) 4.018 (0.016) 4.02 (0.017) 4.034 (0.018) 4.084 (0.022)

baselines in terms of Sharpe ratio and expected return. On the other hand, their returns display the

highest standard deviations. This is neither surprising nor troubling. The optimal portfolio under

complete knowledge of the target distribution P1 allocates the available capital evenly to assets 1

and 2. While this portfolio evidently maximizes expected return, it suffers from poor diversification.

It is easy to show that the lowest possible portfolio standard deviation is obtained by investing

equal amounts of money in all assets (even those with negative expected returns).

6.1.3. Backtest on Real Data In the third experiment the asset universe consists of d = 3

regional sector indices (Agriculture and Food Chain, Commodity Producers and Infrastructure)

provided by MSCI, which follow the Global Industry Classification Standard (GICS). Each index

includes large and mid cap companies from a particular geographical region (Europe, USA or

Pacific) denominated in US dollars. We believe that the European and US economies are suffi-

ciently similar so that the European index return distributions provide a strong prior for those

of the US and vice versa. However, we believe that the index return distributions of the Pacific

area are not informative for those of Europe and the US. Note that the three sector indices

were chosen because they cover basic industries and thus exist in all considered geographical

regions. We then define P1 and P2 as the index return distributions corresponding to (any) two

different regions. These distributions are unknown, but we can construct respective empirical

distributions bP1 and bP2 from historical return data available from the MSCI online database

(https://www.msci.com/end-of-day-data-regional). As in Section 6.1.2, we compare the opti-

mal portfolios of the multi-source DRO problem (21) against those of different single-source DRO

baselines. Also, we use the same risk aversion parameters and the same search grids for the hyper-

parameters (� and m for multi-source DRO and " for single-source DRO) as in Section 6.1.2.
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Table 3 Out-of-sample Sharpe ratios of optimal portfolios on real data (mean (std. error) over 10 replications)

Source Target N1 Single-s. DRO on Single-s. DRO on Single-s. DRO on Single-s. DRO on Multi-s. DRO
target distribution source distribution pooled data barycenter

Europe

Pacific

5 0.059 (0.004) 0.054 (0.006) 0.052 (0.005) 0.052 (0.003) 0.039 (0.006)
10 0.047 (0.005) 0.04 (0.004) 0.043 (0.0) 0.036 (0.004) 0.035 (0.006)
20 0.052 (0.004) 0.049 (0.008) 0.049 (0.006) 0.042 (0.006) 0.035 (0.006)
50 0.051 (0.004) 0.047 (0.005) 0.047 (0.003) 0.045 (0.004) 0.028 (0.004)

USA

5 0.101 (0.01) 0.107 (0.006) 0.103 (0.007) 0.112 (0.008) 0.113 (0.003)
10 0.095 (0.007) 0.103 (0.007) 0.104 (0.007) 0.108 (0.006) 0.112 (0.004)
20 0.094 (0.008) 0.092 (0.009) 0.103 (0.007) 0.107 (0.008) 0.116 (0.004)
50 0.105 (0.006) 0.095 (0.008) 0.105 (0.006) 0.113 (0.005) 0.115 (0.004)

Pacific

Europe

5 0.111 (0.009) 0.088 (0.0) 0.088 (0.0) 0.096 (0.008) 0.123 (0.014)
10 0.112 (0.012) 0.088 (0.0) 0.088 (0.0) 0.111 (0.012) 0.126 (0.014)
20 0.107 (0.01) 0.088 (0.0) 0.088 (0.0) 0.106 (0.01) 0.111 (0.012)
50 0.113 (0.01) 0.089 (0.0) 0.088 (0.0) 0.101 (0.008) 0.145 (0.011)

USA

5 0.109 (0.006) 0.115 (0.006) 0.115 (0.006) 0.113 (0.006) 0.116 (0.006)
10 0.088 (0.006) 0.11 (0.007) 0.11 (0.007) 0.109 (0.008) 0.113 (0.006)
20 0.099 (0.007) 0.107 (0.007) 0.106 (0.006) 0.114 (0.006) 0.114 (0.006)
50 0.111 (0.005) 0.119 (0.004) 0.119 (0.004) 0.119 (0.004) 0.119 (0.004)

USA

Europe

5 0.117 (0.014) 0.091 (0.001) 0.09 (0.001) 0.116 (0.014) 0.144 (0.013)
10 0.117 (0.014) 0.091 (0.001) 0.091 (0.001) 0.117 (0.014) 0.151 (0.014)
20 0.119 (0.011) 0.09 (0.001) 0.095 (0.005) 0.108 (0.009) 0.15 (0.011)
50 0.11 (0.01) 0.091 (0.001) 0.091 (0.002) 0.11 (0.01) 0.141 (0.013)

Pacific

5 0.046 (0.007) 0.049 (0.002) 0.051 (0.004) 0.042 (0.004) 0.046 (0.006)
10 0.07 (0.004) 0.06 (0.004) 0.058 (0.004) 0.058 (0.005) 0.046 (0.006)
20 0.048 (0.004) 0.053 (0.003) 0.049 (0.003) 0.047 (0.003) 0.041 (0.004)
50 0.047 (0.003) 0.052 (0.003) 0.048 (0.003) 0.047 (0.003) 0.046 (0.002)

The training, test and validation datasets cover monthly return data over the periods from January

2008 to December 2014, from January 2015 to December 2015, and from January 2016 to December

2021, respectively. In each simulation run, we randomly sample N1 2 {5,10,20,50} return vectors

from the training dataset of the target distribution P1 and N2 = 5 return vectors from the training

dataset of the source distribution P2. These samples are used to construct bP1 and bP2, respectively.

In addition, we sample 5 return vectors from the validation dataset of the target distribution, which

are used to tune the hyperparameters. For each portfolio under consideration, we then compute the

empirical Sharpe ratio on the test samples of the target distribution. Table 3 reports the means and

standard errors of these empirical Sharpe ratios across 10 independent simulation runs for different

choices of source and target regions and for different choices of the target sample size N1. We observe

that multi-source DRO outperforms single-source DRO when the source data originates from a

similar market (e.g., European data can help to improve portfolios in the US but not in the Pacific

area). When the source and target distributions differ too much, it is better to use single-source

DRO based solely on the target data.
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Figure 3 Kernel density estimates of the marginal demand distributions in region J (blue), S (organge) and C (green).

(see products 1, 2, 3, 5 and 8 in Figure 3). Hence, none of the two source distributions provides a

consistently better approximation for P, and thus it makes sense to use data from both sources.

As in Section 6.1.2, we compare the optimal solutions of the multi-source DRO problem against

those of different single-source DRO baselines. We use the same parametrization for the radii of

the Wasserstein balls and the same search grids for all hyperparameters (� and m in multi-source

DRO and " in single-source DRO) as in Section 6.1.2. In all cases, we select hyperparameters from

the underlying search grids that maximize the average revenue across ten independent validation

samples. The validation samples are drawn from the same distribution as the training samples. For

methods that use data from P1 as well as P2, we select five validation samples from each distribution.

We compute the expected revenues of all optimal assortments on a dataset of 3,372 test samples.

Table 4 reports the means and standard errors of these expected revenues across 20 independent

simulation runs for different choices of the source sample sizes N1 and N2. We observe that multi-

source DRO consistently outperforms all baselines. The dominance of multi-source DRO is linked to

the structure of the two source distributions, none of which provides a globally better approximation

for the target distribution. Thus, using both data sources is better than using only one. In addition,

multi-source DRO makes better use of the two data sources than traditional DRO with a Wasserstein

ball centered at a mixture or at a Wasserstein barycenter of the empirical source distributions.
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Table 4 Out-of-sample expected revenue of optimal product portfolios (mean (std. error) over 20 replications)

N1 N2 Single-s. DRO on Single-s. DRO on Single-s. DRO on Single-s. DRO on Multi-s. DRO
distribution bP1 distribution bP2 pooled data barycenter

25

25 504.52 (37.51) 431.53 (31.17) 481.08 (23.25) 480.16 (30.72) 502.20 (22.90)
50 481.51 (41.26) 460.61 (29.33) 488.86 (22.87) 476.58 (37.78) 516.93 (15.66)
75 478.79 (42.02) 475.65 (29.29) 470.58 (32.40) 501.66 (30.18) 515.83 (17.53)

100 485.10 (37.71) 443.66 (34.65) 479.74 (29.72) 485.10 (37.71) 505.23 (22.31)
50 25 482.26 (37.96) 473.96 (31.94) 489.10 (15.0) 489.93 (30.76) 515.55 (21.24)

50 481.97 (30.82) 442.18 (32.37) 485.77 (14.60) 473.80 (33.48) 519.13 (10.93)
75 510.30 (21.27) 450.55 (32.32) 485.77 (14.60) 482.96 (30.69) 506.92 (17.70)

100 471.92 (26.69) 430.48 (30.53) 482.18 (22.24) 443.68 (29.12) 519.13 (10.93)
75 25 490.24 (18.25) 465.64 (27.43) 482.43 (14.03) 486.91 (17.97) 514.70 (14.54)

50 489.10 (15.00) 462.31 (26.60) 489.10 (15.00) 477.40 (18.45) 499.11 (15.23)
75 477.50 (28.54) 450.55 (32.32) 479.10 (13.26) 465.20 (31.46) 492.44 (15.23)

100 479.49 (34.36) 468.98 (28.15) 492.19 (23.03) 486.41 (30.31) 515.79 (12.25)
100 25 481.08 (23.25) 487.36 (27.41) 489.10 (15.00) 457.08 (27.38) 515.79 (12.25)

50 461.92 (24.31) 460.61 (29.33) 482.43 (14.03) 462.11 (25.48) 505.79 (14.60)
75 477.50 (28.54) 467.34 (24.41) 485.77 (14.60) 489.10 (15.00) 509.12 (14.03)

100 470.83 (27.45) 465.64 (27.43) 485.77 (14.60) 481.08 (23.25) 509.12 (14.03)

Appendix A: Proofs of Section 4

Proof of Theorem 4 Throughout this proof we focus on OT barycenter and uncertainty quantification

problems with quadratic transportation cost functions c(⇠, ⇠0) = k⇠ � ⇠0k22 and full support sets ⌅ = Rd.

Computing the optimal value of the OT barycenter problem (OT-BC) with uniform weights �1 = · · ·= �K = 1

is known to be NP-hard even if all distributions P1, . . . ,PK are discrete (Altschuler and Boix-Adsera 2022,

Theorem 1.1). We can thus prove NP-hardness of the UQ Feasibility problem by reduction from the OT

barycenter problem. To this end, fix any instance of the OT barycenter problem specified by K discrete

distributions bP1, . . . , bPK with at most N atoms and uniform weights. Next, define E as the set of all radii " =

("1, . . . ,"K) for which the uncertainty quantification problem (P-UQ) with reference distributions bP1, . . . , bPK

and vanishing loss function `(⇠) = 0 is feasible. As �k = 1 for every k 2 [K], (OT-BC) is equivalent to

min
"2E

KX

k=1

"k. (23)

Indeed, if P is feasible in (OT-BC), then " defined through "k = C(P, bPk), k 2 [K], is feasible in (23) with

the same objective value. Thus, the minimum of (23) is smaller or equal to that of (OT-BC). Conversely,

if " is feasible in (23), then the definition of E implies that there exists P 2 P(⌅) with C(P, bPk)  "k for

every k 2 [K], and P has the same or a lower objective value than
PK

k=1 "k. Thus, the minimum of (OT-BC)

is smaller or equal to that of (23). Next, note that E is convex and closed because the OT distance is convex

and weakly lower semicontinuous in its arguments. Note also that the UQ Feasibility problem with fixed

discrete distributions bP1, . . . , bPK serves as a separation oracle for (23). Indeed, for any "̄ 2 RK , the UQ

Feasibility problem either confirms that "̄2 E (which happens if and only if (P-UQ) is feasible) or enables

<latexit sha1_base64="Ziqecl29YaIK4C5hn6u/Iv5tGsw="></latexit>

3

Assortment Optimization with Kaggle Data



Summary
Multi-source DRO 

tool for data-driven optimization when target data is scarce or unavailable  
reminiscent of domain adaptation and transfer learning 
dually related to computation of Wasserstein barycenters  

Nature’s Subproblem 
equivalent to convex program with O(NK) variables and constraints 
NP-hard but solved by discrete distribution with              atoms 
tractable if either d or K is fixed 

Statistical Guarantees 
choice of Wasserstein radii based on Bayesian measure concentration result 
source data is useful in the presence of strong priors 
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