
Metrizing Fairness 

Yves Rychener, Bahar Taşkesen, Daniel Kuhn 

École Polytechnique Fédérale de Lausanne



Statistical Learning

<latexit sha1_base64="FuNeasV5UnrQM47j4SGZFcOZUcc="></latexit>

min
h2H

E[L(h(X),Y)]Learning problem:

Classification Regression

<latexit sha1_base64="kTiJYOeqDkm2sWnonRfAq5KI0XI="></latexit>

X
<latexit sha1_base64="0ApZ54h+QEj0WXHvQZ9Jx+gYICY="></latexit>

X1

<latexit sha1_base64="V73qrkH53/ibgZIp7K7APcPc2H4="></latexit>

X2
<latexit sha1_base64="BL93+fPXbdA1Fi86Nom8qH2cR+A="></latexit>

Y

<latexit sha1_base64="hrKk/mc3zHwnfDjudqlG6bztcXg="></latexit>

h(X)

<latexit sha1_base64="r+8344+jlMET8+ly0JmhFZI2mjw="></latexit>

h(X) = τ



Statistical Learning

<latexit sha1_base64="frhAOs+I/OoSS2gGhDcXmGyujmU="></latexit>

X 2 Rd input

<latexit sha1_base64="FuNeasV5UnrQM47j4SGZFcOZUcc="></latexit>

min
h2H

E[L(h(X),Y)]Learning problem:

Classification Regression

<latexit sha1_base64="kTiJYOeqDkm2sWnonRfAq5KI0XI="></latexit>

X
<latexit sha1_base64="0ApZ54h+QEj0WXHvQZ9Jx+gYICY="></latexit>

X1

<latexit sha1_base64="V73qrkH53/ibgZIp7K7APcPc2H4="></latexit>

X2
<latexit sha1_base64="BL93+fPXbdA1Fi86Nom8qH2cR+A="></latexit>

Y

<latexit sha1_base64="hrKk/mc3zHwnfDjudqlG6bztcXg="></latexit>

h(X)

<latexit sha1_base64="r+8344+jlMET8+ly0JmhFZI2mjw="></latexit>

h(X) = τ



Statistical Learning

<latexit sha1_base64="frhAOs+I/OoSS2gGhDcXmGyujmU="></latexit>

X 2 Rd input

<latexit sha1_base64="FuNeasV5UnrQM47j4SGZFcOZUcc="></latexit>

min
h2H

E[L(h(X),Y)]Learning problem:

<latexit sha1_base64="8EPxzpVSGSD0cRlMGoIBMpWdmJU="></latexit>

Y 2 R output

Classification Regression

<latexit sha1_base64="kTiJYOeqDkm2sWnonRfAq5KI0XI="></latexit>

X
<latexit sha1_base64="0ApZ54h+QEj0WXHvQZ9Jx+gYICY="></latexit>

X1

<latexit sha1_base64="V73qrkH53/ibgZIp7K7APcPc2H4="></latexit>

X2
<latexit sha1_base64="BL93+fPXbdA1Fi86Nom8qH2cR+A="></latexit>

Y

<latexit sha1_base64="hrKk/mc3zHwnfDjudqlG6bztcXg="></latexit>

h(X)

<latexit sha1_base64="r+8344+jlMET8+ly0JmhFZI2mjw="></latexit>

h(X) = τ



Statistical Learning

hypothesis 
(predictor)

<latexit sha1_base64="frhAOs+I/OoSS2gGhDcXmGyujmU="></latexit>

X 2 Rd input

<latexit sha1_base64="FuNeasV5UnrQM47j4SGZFcOZUcc="></latexit>

min
h2H

E[L(h(X),Y)]Learning problem:

<latexit sha1_base64="8EPxzpVSGSD0cRlMGoIBMpWdmJU="></latexit>

Y 2 R output

Classification Regression

<latexit sha1_base64="kTiJYOeqDkm2sWnonRfAq5KI0XI="></latexit>

X
<latexit sha1_base64="0ApZ54h+QEj0WXHvQZ9Jx+gYICY="></latexit>

X1

<latexit sha1_base64="V73qrkH53/ibgZIp7K7APcPc2H4="></latexit>

X2
<latexit sha1_base64="BL93+fPXbdA1Fi86Nom8qH2cR+A="></latexit>

Y

<latexit sha1_base64="hrKk/mc3zHwnfDjudqlG6bztcXg="></latexit>

h(X)

<latexit sha1_base64="r+8344+jlMET8+ly0JmhFZI2mjw="></latexit>

h(X) = τ



Statistical Learning

<latexit sha1_base64="dGaARru8rn6Fk49eS5ohEvaVV0M="></latexit>

penalizes dissimilarity
of h(X) and Y

hypothesis 
(predictor)

<latexit sha1_base64="frhAOs+I/OoSS2gGhDcXmGyujmU="></latexit>

X 2 Rd input

<latexit sha1_base64="FuNeasV5UnrQM47j4SGZFcOZUcc="></latexit>

min
h2H

E[L(h(X),Y)]Learning problem:

<latexit sha1_base64="8EPxzpVSGSD0cRlMGoIBMpWdmJU="></latexit>

Y 2 R output

Classification Regression

<latexit sha1_base64="kTiJYOeqDkm2sWnonRfAq5KI0XI="></latexit>

X
<latexit sha1_base64="0ApZ54h+QEj0WXHvQZ9Jx+gYICY="></latexit>

X1

<latexit sha1_base64="V73qrkH53/ibgZIp7K7APcPc2H4="></latexit>

X2
<latexit sha1_base64="BL93+fPXbdA1Fi86Nom8qH2cR+A="></latexit>

Y

<latexit sha1_base64="hrKk/mc3zHwnfDjudqlG6bztcXg="></latexit>

h(X)

<latexit sha1_base64="r+8344+jlMET8+ly0JmhFZI2mjw="></latexit>

h(X) = τ



Weapons of Math Destruction
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Weapons of Math Destruction

2) Obermayer et al., Science, 2019. 

Industry-wide approach affecting 
millions of patients exhibits 
significant racial bias.2)

The data on which the AI hiring 
algorithm was trained created a 
preference for male candidates.1)

1) Dastin, Reuters, 2018. 
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1) Calders et al., ICDM, 2013. 

Statistical parity:1)
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Idealized Models 

Assumptions: 
   is known (sample size         )  
                       (all measurable hypotheses) 
    is essentially unique
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Automatic Salary Determination

Goal: Predict the skill levels of job candidates.
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S = work experience (normalized to [0, 1], unobserved)
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=) h?SP(X) =
1
2 +

1
2 (Y� 1

2 )
<latexit sha1_base64="jNEetlEjRjIA/9MQK/710or/md0="></latexit>

=) h?(X) = Y

salary grows with skill level



Original learning problem: Fair learning problem:
<latexit sha1_base64="L8rqkh1KGpFEWsQJlD7PK8jC+QA="></latexit>

min
h2H

E[(h(X)� Y)2]
<latexit sha1_base64="25basrT4QORQGN0caKmmfUngktI="></latexit>

min
h2H

E[(h(X)� Y)2]

s.t. h(X) ? A

<latexit sha1_base64="Yve2A6/0QhJUnTSxCyKTJMWJKYU="></latexit>

=) h?(X) =
⇢ 1

2 if X2 = 0
X1 if X2 = 1

<latexit sha1_base64="abzdCqHPAvFva0KgH/2SwqgPpRE="></latexit>

=) h?SP(X) =
1
2 +

1
2 (X1 �

1
2 )

<latexit sha1_base64="Oqhy+7mw9scUYpEqpA+m0H3ahTk="></latexit>

A = X2 = 0 (senior candidate) :

Automatic Salary Determination

<latexit sha1_base64="YDMtG9nlx2NQwVk3DtloAOyHzxc="></latexit>

=) h?(X) = 1
2

<latexit sha1_base64="3WCQ6Rrp5dVjRdTOKKxHFmT49Yg="></latexit>

=) h?SP(X) =
1
2 +

1
2 (X1 �

1
2 )



Original learning problem: Fair learning problem:
<latexit sha1_base64="L8rqkh1KGpFEWsQJlD7PK8jC+QA="></latexit>

min
h2H

E[(h(X)� Y)2]
<latexit sha1_base64="25basrT4QORQGN0caKmmfUngktI="></latexit>

min
h2H

E[(h(X)� Y)2]

s.t. h(X) ? A

<latexit sha1_base64="Yve2A6/0QhJUnTSxCyKTJMWJKYU="></latexit>

=) h?(X) =
⇢ 1

2 if X2 = 0
X1 if X2 = 1

<latexit sha1_base64="abzdCqHPAvFva0KgH/2SwqgPpRE="></latexit>

=) h?SP(X) =
1
2 +

1
2 (X1 �

1
2 )

<latexit sha1_base64="Oqhy+7mw9scUYpEqpA+m0H3ahTk="></latexit>

A = X2 = 0 (senior candidate) :

Automatic Salary Determination

<latexit sha1_base64="YDMtG9nlx2NQwVk3DtloAOyHzxc="></latexit>

=) h?(X) = 1
2

<latexit sha1_base64="3WCQ6Rrp5dVjRdTOKKxHFmT49Yg="></latexit>

=) h?SP(X) =
1
2 +

1
2 (X1 �

1
2 )

uniform salary random salary



Original learning problem: Fair learning problem:
<latexit sha1_base64="L8rqkh1KGpFEWsQJlD7PK8jC+QA="></latexit>

min
h2H

E[(h(X)� Y)2]
<latexit sha1_base64="25basrT4QORQGN0caKmmfUngktI="></latexit>

min
h2H

E[(h(X)� Y)2]

s.t. h(X) ? A

<latexit sha1_base64="Yve2A6/0QhJUnTSxCyKTJMWJKYU="></latexit>

=) h?(X) =
⇢ 1

2 if X2 = 0
X1 if X2 = 1

<latexit sha1_base64="abzdCqHPAvFva0KgH/2SwqgPpRE="></latexit>

=) h?SP(X) =
1
2 +

1
2 (X1 �

1
2 )

<latexit sha1_base64="Oqhy+7mw9scUYpEqpA+m0H3ahTk="></latexit>

A = X2 = 0 (senior candidate) :

Automatic Salary Determination

<latexit sha1_base64="YDMtG9nlx2NQwVk3DtloAOyHzxc="></latexit>

=) h?(X) = 1
2

<latexit sha1_base64="3WCQ6Rrp5dVjRdTOKKxHFmT49Yg="></latexit>

=) h?SP(X) =
1
2 +

1
2 (X1 �

1
2 )

uniform salary random salary

Treatment of senior candida
tes seems


less “fair” when SP is enforced!



Optimality Implies Statistical Parity

<latexit sha1_base64="FuNeasV5UnrQM47j4SGZFcOZUcc="></latexit>

min
h2H

E[L(h(X),Y)]

<latexit sha1_base64="wmGyZ7vUAGaHoGtf70fdRGElTX8="></latexit>

Theorem. PY|X ? A =) h?(X) ? A



<latexit sha1_base64="8g38Saik5uydQiw4nwifVAzg29o="></latexit>

=) SP is a necessary optimality condition!

<latexit sha1_base64="FuNeasV5UnrQM47j4SGZFcOZUcc="></latexit>

min
h2H

E[L(h(X),Y)]

<latexit sha1_base64="wmGyZ7vUAGaHoGtf70fdRGElTX8="></latexit>

Theorem. PY|X ? A =) h?(X) ? A

Optimality Implies Statistical Parity



Training with Biased Data

True learning problem: Biased learning problem:
<latexit sha1_base64="EDLxOJTmztf32wYjQVLUgGDzb28="></latexit>

min
h2H

E[L(h(X),Y0)]
<latexit sha1_base64="2RlmuKssHUs9SIX1abQU533fu70="></latexit>

min
h2H

E[L(h(X),Yδ)]



Training with Biased Data

true target 
(no data available)

biased target 
(data available)

True learning problem: Biased learning problem:
<latexit sha1_base64="EDLxOJTmztf32wYjQVLUgGDzb28="></latexit>

min
h2H

E[L(h(X),Y0)]
<latexit sha1_base64="2RlmuKssHUs9SIX1abQU533fu70="></latexit>

min
h2H

E[L(h(X),Yδ)]



<latexit sha1_base64="5JfXdz9qAgRPys3MiRyQCoCVTKU="></latexit>

0

The Geometry of Statistical Parity

<latexit sha1_base64="5JfXdz9qAgRPys3MiRyQCoCVTKU="></latexit>

0
<latexit sha1_base64="y1CaCPlX4z2RCjcA3JPCRumEO2A="></latexit>

Hypothesis space H

<latexit sha1_base64="MVoaDTtoZfdIcTmkc2XGqx6j0eA="></latexit>

= L(Rd,R)



<latexit sha1_base64="5JfXdz9qAgRPys3MiRyQCoCVTKU="></latexit>

0

The Geometry of Statistical Parity

<latexit sha1_base64="5JfXdz9qAgRPys3MiRyQCoCVTKU="></latexit>

0
<latexit sha1_base64="y1CaCPlX4z2RCjcA3JPCRumEO2A="></latexit>

Hypothesis space H

<latexit sha1_base64="UaPcvrz1LudR3ekR8FyEYRAUGVA="></latexit>

HSP = {h 2 H : h(X) ? A}



<latexit sha1_base64="5JfXdz9qAgRPys3MiRyQCoCVTKU="></latexit>

0

The Geometry of Statistical Parity

<latexit sha1_base64="y1CaCPlX4z2RCjcA3JPCRumEO2A="></latexit>

Hypothesis space H

<latexit sha1_base64="5JfXdz9qAgRPys3MiRyQCoCVTKU="></latexit>

0

<latexit sha1_base64="gru/J+E/DlPIDvFyn9pIXMoYPXE="></latexit>

Assumption: PY0|X ? A



The Geometry of Statistical Parity

<latexit sha1_base64="y1CaCPlX4z2RCjcA3JPCRumEO2A="></latexit>

Hypothesis space H

<latexit sha1_base64="5JfXdz9qAgRPys3MiRyQCoCVTKU="></latexit>

0

<latexit sha1_base64="OR2t1iIxSP/7KwXiqkj1tQabsf0="></latexit>

h? is fair!

<latexit sha1_base64="apTKdv1qHJDEcUHxz/HHDm62rSE="></latexit>

Prediction loss = f(h) = E[L(h(X,Y0)]



The Geometry of Statistical ParityThe Geometry of Statistical Parity

<latexit sha1_base64="y1CaCPlX4z2RCjcA3JPCRumEO2A="></latexit>

Hypothesis space H

<latexit sha1_base64="OR2t1iIxSP/7KwXiqkj1tQabsf0="></latexit>

h? is fair!

<latexit sha1_base64="apTKdv1qHJDEcUHxz/HHDm62rSE="></latexit>

Prediction loss = f(h) = E[L(h(X,Y0)]



The Geometry of Statistical ParityThe Geometry of Statistical Parity

<latexit sha1_base64="y1CaCPlX4z2RCjcA3JPCRumEO2A="></latexit>

Hypothesis space H

<latexit sha1_base64="+1DDXjXg1O2kSY9Zg9aIoq/IrXE="></latexit>

Biased prediction loss = fδ(h) = E[L(h(X,Yδ)]



The Geometry of Statistical ParityThe Geometry of Statistical Parity

<latexit sha1_base64="y1CaCPlX4z2RCjcA3JPCRumEO2A="></latexit>

Hypothesis space H

<latexit sha1_base64="3SJuPJHJ52KqM+7Gx5Db0izXVe8="></latexit>

Contours of = f0(h), Contours of = fδ(h)



The Geometry of Statistical Parity

<latexit sha1_base64="9X6ckLgd3krtWif/DDim6276nEs="></latexit>

h?SP(δ)

<latexit sha1_base64="Cyj8CZW7Rh506yCk8PWBL50v1QM="></latexit>

h?(δ)

<latexit sha1_base64="jcynyHkKspwGTa95VuFt35NLirs="></latexit>

h? = h?(0)

<latexit sha1_base64="3SJuPJHJ52KqM+7Gx5Db0izXVe8="></latexit>

Contours of = f0(h), Contours of = fδ(h)

<latexit sha1_base64="y1CaCPlX4z2RCjcA3JPCRumEO2A="></latexit>

Hypothesis space H

The Geometry of Statistical Parity



The Geometry of Statistical 

<latexit sha1_base64="9X6ckLgd3krtWif/DDim6276nEs="></latexit>

h?SP(δ)

<latexit sha1_base64="Cyj8CZW7Rh506yCk8PWBL50v1QM="></latexit>

h?(δ)

<latexit sha1_base64="jcynyHkKspwGTa95VuFt35NLirs="></latexit>

h? = h?(0)

The Geometry of Statistical Parity

<latexit sha1_base64="4IJcTT+Hv82403WUUoTxR/aJmrE="></latexit>

Theorem: If PY0|X ? A and δ is small, then h?SP(δ) is prefe-
rable to h?(δ) w.r.t. the true objective f0(h) = E[L(h(X,Y0)].



The Geometry of Statistical 

<latexit sha1_base64="9X6ckLgd3krtWif/DDim6276nEs="></latexit>

h?SP(δ)

<latexit sha1_base64="Cyj8CZW7Rh506yCk8PWBL50v1QM="></latexit>

h?(δ)

<latexit sha1_base64="jcynyHkKspwGTa95VuFt35NLirs="></latexit>

h? = h?(0)

The Geometry of Statistical Parity

Win-win situation:


Statistical parity
 improves both


fairness and pre
dictive power!

<latexit sha1_base64="4IJcTT+Hv82403WUUoTxR/aJmrE="></latexit>

Theorem: If PY0|X ? A and δ is small, then h?SP(δ) is prefe-
rable to h?(δ) w.r.t. the true objective f0(h) = E[L(h(X,Y0)].



Unfairness Measures and 
Integral Probability Metrics



Relaxing Statistical Parity

Statistical parity at level ε:

<latexit sha1_base64="54zPHcnE26+XLyX86hR4QcexqoQ="></latexit>

P(h(X)  τ|A = 0)

<latexit sha1_base64="wD/y3mM4VybvVwyAUgkO9/j5Fxc="></latexit>

0

<latexit sha1_base64="Rpm94/U5zST0VzSt7fTOJ4melqo="></latexit>

1

<latexit sha1_base64="/mCYutdvyu1wV1cAR/G+4+oyNPw="></latexit>τ
<latexit sha1_base64="wD/y3mM4VybvVwyAUgkO9/j5Fxc="></latexit>

0

<latexit sha1_base64="Rpm94/U5zST0VzSt7fTOJ4melqo="></latexit>

1

<latexit sha1_base64="/mCYutdvyu1wV1cAR/G+4+oyNPw="></latexit>τ
<latexit sha1_base64="45PhJmLGKvp6KGpwSd2ud21t87I="></latexit>

P(h(X)  τ|A = 1)

CDF of predictor:

<latexit sha1_base64="f/9bENjokgGqeFP/S9X0CiZu7Lk="></latexit>

|P(h(X)  τ|A = 0)� P(h(X)  τ|A = 1)|  ε 8τ 2 R



Relaxing Statistical Parity

CDF of predictor:

<latexit sha1_base64="wD/y3mM4VybvVwyAUgkO9/j5Fxc="></latexit>

0

<latexit sha1_base64="Rpm94/U5zST0VzSt7fTOJ4melqo="></latexit>

1

<latexit sha1_base64="/mCYutdvyu1wV1cAR/G+4+oyNPw="></latexit>τ
<latexit sha1_base64="wD/y3mM4VybvVwyAUgkO9/j5Fxc="></latexit>

0

<latexit sha1_base64="Rpm94/U5zST0VzSt7fTOJ4melqo="></latexit>

1

<latexit sha1_base64="/mCYutdvyu1wV1cAR/G+4+oyNPw="></latexit>τ

<latexit sha1_base64="f/9bENjokgGqeFP/S9X0CiZu7Lk="></latexit>

|P(h(X)  τ|A = 0)� P(h(X)  τ|A = 1)|  ε 8τ 2 R

Statistical parity at level ε:



Relaxing Statistical Parity

CDF of predictor:

<latexit sha1_base64="wD/y3mM4VybvVwyAUgkO9/j5Fxc="></latexit>

0

<latexit sha1_base64="Rpm94/U5zST0VzSt7fTOJ4melqo="></latexit>

1

<latexit sha1_base64="/mCYutdvyu1wV1cAR/G+4+oyNPw="></latexit>τ

<latexit sha1_base64="Rpm94/U5zST0VzSt7fTOJ4melqo="></latexit>

1

<latexit sha1_base64="f/9bENjokgGqeFP/S9X0CiZu7Lk="></latexit>

|P(h(X)  τ|A = 0)� P(h(X)  τ|A = 1)|  ε 8τ 2 R

�

�
<latexit sha1_base64="LYvhm8j+8sQxm3sEMaaW/7ddl6A="></latexit>ε
<latexit sha1_base64="LYvhm8j+8sQxm3sEMaaW/7ddl6A="></latexit>ε

Statistical parity at level ε:



Relaxing Statistical Parity

CDF of predictor:

<latexit sha1_base64="wD/y3mM4VybvVwyAUgkO9/j5Fxc="></latexit>

0

<latexit sha1_base64="Rpm94/U5zST0VzSt7fTOJ4melqo="></latexit>

1

<latexit sha1_base64="/mCYutdvyu1wV1cAR/G+4+oyNPw="></latexit>τ

<latexit sha1_base64="Rpm94/U5zST0VzSt7fTOJ4melqo="></latexit>

1
�

�
<latexit sha1_base64="LYvhm8j+8sQxm3sEMaaW/7ddl6A="></latexit>ε
<latexit sha1_base64="LYvhm8j+8sQxm3sEMaaW/7ddl6A="></latexit>ε

Statistical parity at level ε:

<latexit sha1_base64="q+QSl+lXa3fcFZ8hOxlpuqNRz2g="></latexit>

D
�
Ph(X)|A=0,Ph(X)|A=1

�
 ε

Kolmogorov distance



Integral Probability Metrics (IPMs)



Integral Probability Metrics (IPMs)

generator



Integral Probability Metrics (IPMs)

Examples:
<latexit sha1_base64="6Fyco49FdCt56E+FNz2zxQSPzgQ="></latexit>

IPM Ψ
Kolmogorov distance {ψ : 9τ 2 R with ψ(y) = ±1yτ}
Wasserstein distance {ψ : Lip(ψ)  1}
Lp-distance (1p + 1

q = 1) {ψ : kψ0kLq  1}
Kernel distance {ψ : kψkHK  1}
Total variation distance {ψ : kψkL1  1}



Statistical parity at level ε:

<latexit sha1_base64="ZZPyoiYHtrLI0N33A/RW98UypuY="></latexit>

DΨ
�
Ph(X)|A=0,Ph(X)|A=1

�
 ε

Relaxing Statistical Parity



Statistical parity at level ε:

any IPM

<latexit sha1_base64="ZZPyoiYHtrLI0N33A/RW98UypuY="></latexit>

DΨ
�
Ph(X)|A=0,Ph(X)|A=1

�
 ε

Relaxing Statistical Parity



Fair Statistical Learning

Fair learning problem:

<latexit sha1_base64="WAJWjOc/FPAXcDB9mbQW96+0iBo="></latexit>

min
h2H

E[L(h(X),Y)] + ρ(DΨ(Ph(X)|A=0,Ph(X)|A=1))



Fair Statistical Learning

Fair learning problem:

unfairness penalty

�<latexit sha1_base64="WAJWjOc/FPAXcDB9mbQW96+0iBo="></latexit>

min
h2H

E[L(h(X),Y)] + ρ(DΨ(Ph(X)|A=0,Ph(X)|A=1))



Numerical Solution  
of Fair Learning Problems



Fair Statistical Learning

Fair learning problem:

<latexit sha1_base64="WAJWjOc/FPAXcDB9mbQW96+0iBo="></latexit>

min
h2H

E[L(h(X),Y)] + ρ(DΨ(Ph(X)|A=0,Ph(X)|A=1))



Fair Statistical Learning

Fair learning problem:

<latexit sha1_base64="WAJWjOc/FPAXcDB9mbQW96+0iBo="></latexit>

min
h2H

E[L(h(X),Y)] + ρ(DΨ(Ph(X)|A=0,Ph(X)|A=1))



Fair Statistical Learning

Fair learning problem:

all linear hypotheses 
all neural networks with a fixed architecture 

<latexit sha1_base64="WAJWjOc/FPAXcDB9mbQW96+0iBo="></latexit>

min
h2H

E[L(h(X),Y)] + ρ(DΨ(Ph(X)|A=0,Ph(X)|A=1))



Fair Statistical Learning

Fair learning problem:

<latexit sha1_base64="tTToP7V3IrCO59WVgK7bkBLKGG0="></latexit>

min
θ2Θ

E[L(hθ(X),Y)] + ρ(DΨ(Phθ(X)|A=0,Phθ(X)|A=1))



Fair Statistical Learning

Fair learning problem:

<latexit sha1_base64="tTToP7V3IrCO59WVgK7bkBLKGG0="></latexit>

min
θ2Θ

E[L(hθ(X),Y)] + ρ(DΨ(Phθ(X)|A=0,Phθ(X)|A=1))

Data:
<latexit sha1_base64="peUZ2QcWF+yC+WInh2CnYEzAvzY="></latexit>

(X̂i, Ŷi, Âi), i 2 N, i.i.d. samples ( : Ai = 0, : Ai = 1)



Fair Statistical Learning

Fair learning problem:

<latexit sha1_base64="tTToP7V3IrCO59WVgK7bkBLKGG0="></latexit>

min
θ2Θ

E[L(hθ(X),Y)] + ρ(DΨ(Phθ(X)|A=0,Phθ(X)|A=1))

Data:
<latexit sha1_base64="peUZ2QcWF+yC+WInh2CnYEzAvzY="></latexit>

(X̂i, Ŷi, Âi), i 2 N, i.i.d. samples ( : Ai = 0, : Ai = 1)

SGD:



Fair Statistical Learning

Fair learning problem:

<latexit sha1_base64="tTToP7V3IrCO59WVgK7bkBLKGG0="></latexit>

min
θ2Θ

E[L(hθ(X),Y)] + ρ(DΨ(Phθ(X)|A=0,Phθ(X)|A=1))

Data:
<latexit sha1_base64="peUZ2QcWF+yC+WInh2CnYEzAvzY="></latexit>

(X̂i, Ŷi, Âi), i 2 N, i.i.d. samples ( : Ai = 0, : Ai = 1)

SGD:

unbiased stochastic gradient  
constructed from batch of N samples 



Empirical Risk Minimization

<latexit sha1_base64="uiSY4Sm0fo3KgQ/XlZlURwLw0Ts="></latexit>

1
N

NX

i=1

L(hθ(X̂i), Ŷi) unbiased estimator for E[L(h(X),Y)]

Data:
<latexit sha1_base64="peUZ2QcWF+yC+WInh2CnYEzAvzY="></latexit>

(X̂i, Ŷi, Âi), i 2 N, i.i.d. samples ( : Ai = 0, : Ai = 1)



Empirical Risk Minimization

Data:
<latexit sha1_base64="peUZ2QcWF+yC+WInh2CnYEzAvzY="></latexit>

(X̂i, Ŷi, Âi), i 2 N, i.i.d. samples ( : Ai = 0, : Ai = 1)

<latexit sha1_base64="uiSY4Sm0fo3KgQ/XlZlURwLw0Ts="></latexit>

1
N

NX

i=1

L(hθ(X̂i), Ŷi) unbiased estimator for E[L(h(X),Y)]

<latexit sha1_base64="WUc9MZc/PbySKeqOhb3FXEy2kI0="></latexit>

difficult to find unbiased estimator for unfairness penalty



Towards an Unbiased Estimator

Fair learning problem:

<latexit sha1_base64="tTToP7V3IrCO59WVgK7bkBLKGG0="></latexit>

min
θ2Θ

E[L(hθ(X),Y)] + ρ(DΨ(Phθ(X)|A=0,Phθ(X)|A=1))� �



Unfairness Penalty: Squared Kernel Distance



Unfairness Penalty: Squared Kernel Distance



Unfairness Penalty: Squared Kernel Distance



Theorem:1)

Unfairness Penalty: Squared Kernel Distance

1) Sriperumbudur et al., Electron. J. Stat., 2012. 

admits unbiased 
estimator!

�



Data:

Unfairness Penalty: Squared Kernel Distance

Theorem:1)



Data:

Unfairness Penalty: Squared Kernel Distance

Theorem:1)

Unbiased estimator for                      :



Random Batches

Data:
<latexit sha1_base64="peUZ2QcWF+yC+WInh2CnYEzAvzY="></latexit>

(X̂i, Ŷi, Âi), i 2 N, i.i.d. samples ( : Ai = 0, : Ai = 1)



Data:
<latexit sha1_base64="peUZ2QcWF+yC+WInh2CnYEzAvzY="></latexit>

(X̂i, Ŷi, Âi), i 2 N, i.i.d. samples ( : Ai = 0, : Ai = 1)

<latexit sha1_base64="2RL5c5FXtYLjy1Sq7b8y+R8YL2c="></latexit>

Batch: At least 2 samples from each class and N samples in total

Random Batches



Data:
<latexit sha1_base64="peUZ2QcWF+yC+WInh2CnYEzAvzY="></latexit>

(X̂i, Ŷi, Âi), i 2 N, i.i.d. samples ( : Ai = 0, : Ai = 1)

Example:

<latexit sha1_base64="2RL5c5FXtYLjy1Sq7b8y+R8YL2c="></latexit>

Batch: At least 2 samples from each class and N samples in total

Random Batches



Data:
<latexit sha1_base64="peUZ2QcWF+yC+WInh2CnYEzAvzY="></latexit>

(X̂i, Ŷi, Âi), i 2 N, i.i.d. samples ( : Ai = 0, : Ai = 1)

Example:

<latexit sha1_base64="2RL5c5FXtYLjy1Sq7b8y+R8YL2c="></latexit>

Batch: At least 2 samples from each class and N samples in total

Random Batches



Data:
<latexit sha1_base64="peUZ2QcWF+yC+WInh2CnYEzAvzY="></latexit>
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Unbiased Estimators: Unfairness Penalty

Notation:   
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Ib ✓ N b-th batch
<latexit sha1_base64="2x3GlpbvaEV4qQRkOV1BKDtil3c="></latexit>

Ia
b = class a samples in Ib, a 2 {0, 1}
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Lemma: The following estimator of the unfairness penalty  
is unbiased for every batch b.
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Note: All index sets are random!
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=) rθÛb(θ) is an unbiased stochastic gradient
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Unbiased Estimators: Prediction Loss

Empirical prediction loss:
<latexit sha1_base64="7rbjPwKrxcfqEhfFQtx0u4jNHOk="></latexit>
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Empirical prediction loss:
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Unbiased Estimators: Prediction Loss

Empirical prediction loss:
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Unbiased Estimators: Prediction Loss

Lemma: The following estimator of the prediction loss is  
unbiased for every batch b.
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Unbiased Estimators: Prediction Loss

Lemma: The following estimator of the prediction loss is  
unbiased for every batch b.
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=) rθR̂b(θ) is an unbiased stochastic gradient



SGD Convergence

Fair learning problem:
<latexit sha1_base64="tTToP7V3IrCO59WVgK7bkBLKGG0="></latexit>

min
θ2Θ

E[L(hθ(X),Y)] + ρ(DΨ(Phθ(X)|A=0,Phθ(X)|A=1))
<latexit sha1_base64="r+AcMfuzia1IkU91ztrLuHSvYTQ="></latexit>
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Theorem: If DΨ is a kernel distance and ρ(z) = λz2 with λ � 0, then
rθR̂b(θ) + λ ·rθÛb(θ) is an unbiased gradient estimator for (⇤).
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Numerical Experiments



Regression

Synthetic data: 
Input: 
Sensitive attribute: 
Output: 
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X ⇠ U([0, 1]9 ⇥ {0, 1})
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Y = max{s>1 X, . . . , s>5 X}

Regression model: 
Square loss: 
Predictor: 3-layer NN with 20 hidden nodes
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L(by, y) = (by� y)2
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unbiased 
gradients

Regression

biased 
gradients
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Merits of Unbiased Gradient Estimators
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Classification

Drug dataset:1) 
Input: personality type, level of education, age etc. 
Sensitive attribute: race 
Output: “used” vs. “never used” for heroin

Classification model: 
Cross-entropy loss: 
Predictor: 3-layer NN with 16 hidden nodes

1) https://archive.ics.uci.edu/ml/datasets/Drug+consumption+%28quantified%29 

<latexit sha1_base64="dWfJyHE3N3NudW5hhlIUYDDMwNg="></latexit>

L(by, y) = �[y log(ŷ) + (1� y) log(1� ŷ)]
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<latexit sha1_base64="GvMXcocUFKoSyhjaB2vWYZZuVzA="></latexit> ac

cu
ra
cy

<latexit sha1_base64="n5hvDqtHV8LfXk62dUIIjVNmCu4="></latexit>

N

no unfairness  
penalty

biased 
gradients

unbiased 
gradients

Classical ERM: 
high accuracy 
high unfairness
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Fair ERM: 
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N

Our method: 
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Conclusions

Impact of SP constraints 
Y has no bias in training        SP increases test error  
Y has small bias in training & A is irrelevant for predicting Y 
a.     SP decreases test error 
Good sensitive attribute: Any feature A with  

Learning problems with unfairness penalties 
Any IPM provides an unfairness measure 
Empirical estimator of unfairness penalty is biased 
Moore Aronszajn theorem        squared kernel distance 
admits unbiased estimator 
Fair learning problems can be solved with SGD 
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